Mathematica 11.3 Integration Test Results

Test results for the 300 problems in "7.4.1 Inverse hyperbolic
cotangent functions.m"

Problem 24: Result unnecessarily involves imaginary or complex numbers.
Jx“ ArcCoth[ax]3dx

Optimal (type 4, 196 leaves, 22 steps):
x2 9 x ArcCoth[ax] x®ArcCoth[ax] 9ArcCoth[ax]? 3x?ArcCoth[ax]?

+ + + +
20 a3 10 a* 10 a? 20 a° 10 a3
2
3x*ArcCoth[ax]? ArcCothlax]® 1 R 3 ArcCoth[ax]? LOg[l,ax]
+ + — x> ArcCoth[ax]” -
20 a 5a° 5 5a°
2 2
Log[1- a2 x?] ) 3 ArcCoth[ax] PolyLog|2, 1 - E] ) 3PolyLog[3, 1- 17“]
2a° 5a° 10 a®

Result (type 4, 175leaves):

1
40 a°

-2-17*+2a?x?+36axArcCoth[ax] +4a®x3ArcCoth[ax] -

18 ArcCoth[ax]? +12 a2 x? ArcCoth[a x]? + 6 a* x* ArcCoth[a x]? + 8 ArcCoth[ax] 3+

1
8 a® x> ArcCoth[a x]? - 24 ArcCoth[ax]? Log |1 - e2Arceth[2x] | _ 4@ Log[ ———— | -

1
a l—azxZ X

24 ArcCoth[ax] Polylog[2, e?Arcothiaxl] 4 12 polylog[3, e?Arccothlax] ]

Problem 26: Result unnecessarily involves imaginary or complex numbers.

sz ArcCoth[ax]3 dx

Optimal (type 4, 149leaves, 11 steps):
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x ArcCoth[ax] ArcCoth[ax]? x?ArcCoth[ax]?

+ +

a2 2a3 2a
ArcCoth[ax]® 1 ArcCoth[a x]?2 Log[lizax]
e %3 ArcCothax]? -

333 3 a3

2 2

Log[1- a2 x?] ) ArcCoth[ax] Polylog|2, 1 - E] ) PolylLog[3, 1- 17“}

2a3 a3 2a3

Result (type 4, 140leaves):

1
24 a3

-1 7 +24axArcCoth[ax] - 12 ArcCoth[a x]? + 12 a®> x> ArcCoth[ax]% + 8 ArcCoth[ax]3 +

8 a° x> ArcCoth[ax]® - 24 ArcCoth[a x]? Log[1 - e2Arecothlax] | _ 24 | og|

24 ArcCoth[a x] PolyLog[2, e?ArcCothiaxl] 4 12 polylog|3, e?Arecothlax]|

Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcCoth[c x]?
J— dx

d+ex

Optimal (type 4, 164 leaves, 1step):

ArcCoth[cx]2 Log[ —2—] ArcCoth[c x]? Log[ -2 4€X—1]  ApcCoth[c x] Polylog[2, 1- —2—]
+ +

1+cx (cd+e) (1+cx) 1+cx

e e e
ArcCoth[c x] Polylog[2, 1 - —2c(dexl | Polylog[3, 1- —2—] Polylog[3, 1- —2cldiex)

(cd+e) (l+cx) 1+C X (cd+e) (l+cx)

e 2e 2e

Result (type 4, 741 leaves):
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1

- |- en®+8cdArcCoth[cx]?+8eArcCoth[cx]3-
24 e

24 e ArcCoth[c x]? Log |1 - e2Arecothlcx] | _ 24 e ArcCoth [c x] PolyLog[2, e?Arccethiexi| 4

12 e Polylog[3, e?Arccothiexl] ;24 (-cd+e) (cd+e)

6c2d?-6e?

2

e

—Ar‘cTanh{
- €
c? d?

-2cdArcCoth[cx]3+6eArcCoth[cx]3+4cd =l ArcCoth[c x]3+

B

6 i e TArcCoth[c x] Log[ = (e Arccothlex] , gArcCothlex]) 1, 6 e ArcCoth[c x]?

<c d+ e> @2 ArcCoth[cx]

ArcCoth[c x] +ArcTanh[%} }

Log[1+ | -6eArcCoth[cx]?Log[1-e

-cd+e

6 e ArcCoth [cx] 2 Log {1 N eAr‘cCoth[c x]+Ar‘cTanh{§] }

ArcCoth(c x] +ArcTanh| %} ) }

6eAr‘cCoth[cx}2Log[1—e2( - 12 e ArcCoth [c X]

ArcTanh { i] Log {% i e—Ar‘cCoth[c x]—Ar‘cTanh{i} (_1 + ez (Ar‘cCoth[c x]+Ar‘cTanh{i} ) ) }
6 e ArcCoth [cX] 2 Log[l (efAr'cCoth[cx] (C d (71 + ezArcCoth[cx] ) re (1 + ezArcCoth[cx] ) ) ] B
2

) 1 ) d+ex
6 i e rArcCoth[cx] Log[ —————] +6eArcCoth[cx]?Log| ——— ] +

1- -1 1- -1 x

c2x? c?x?

e e
12 e ArcCoth[c x] ArcTanh [ —d] Log []'l Sinh [Ar‘cCoth [c x] + ArcTanh [ —d} } ] +
C d

(c d+ e) @2 ArcCoth[c x]

6 e ArcCoth[c x] PolyLog|2, | -12 e ArcCoth[c x]

cd-e

PolylLog|[2, - ghnecothic x) sancTanh| <] | -12 e ArcCoth[c x] PolyLog|2,

ArcCoth[c x] +ArcTanh { i}
e cd ]

6 e ArcCoth[c x] Polylog [2, &2 (Ar‘cCoth[c x]+Ar‘cTanh{%” }

<c d+ e) @2ArcCothlcx]

ArcCoth[c x] +ArcTanh { e—d} } .
4

3ePolyLog[3, ] +12ePolyLog[3, -e

cd-e

ArcCoth[cx] +Ar‘cTanh[i} } (AT‘CCO’Ch [c x] +ArcTanh { i] ) ]

12 e Polylog|[3, e +3ePolylLog[3, &
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Problem 41: Result more than twice size of optimal antiderivative.

ArcCoth[a x]
J AR

(C+dx2)3

Optimal (type 4, 657 leaves, 23 steps):

Ad x
a x ArcCoth[ax] 3 xArcCoth[aXx] 3 ArcCoth[ax] Ar‘cTan[ Nra }
+ +

8c(a’c+d) (c+dx*) 4c(c+dx?)? 8c? (c+dx?) ' 8c52+/d

+

3iLog[ Y teex] g1 LAX] 3 Log[- L lhexl] og[y - Adx]

iave /d Je o iave -/d Je b
32¢524/d 32c¢524/d
3i Log[- 402Xl ogl1 . MdX] 3 og[Ldeax) ] ggfy, LVdx]
ia+/c -+/d c N ia+/c +/d N N
32¢524/d 32¢%2+/d
) a (Ve -ivd x
a(5a2c+3d) Log[1-a*x?| a(5a2c+3d) Log|[c+dx?] 31 Polylog|2, ave iV ]
- +
16c? (a2c+d)? 16c? (a2c+d)? 32¢524/d
) a (Ve -i+vd x ) a (e +id x . a (Ve +ivd x
31PolyLog[2, aTidT ] ) 31PolyLog[2, ol ivT ] ) 3]1PolyLog[2J adeide }
32¢5/2+/d 32c¢5/2+/d 32c¢5/2+/d
Result (type 4, 1838 leaves):
5 Log[l N (a2 c+d) cosh[ZZAr‘cCoth[ax]] ] 3d Log[1+ (a2 c+d) Cosh[ZZAr‘cCoth[a x]] ]
aS _ -a‘c+d B _ac+d N
16a%c (a2c+d)? 16a%c? (a?c+d)?
1 . -aZc+d ac
3 |-21iArcCos|- | ArcTan| ————] +

32a2c+/a%cd (a2c+d) a’c+d vatcd x

adx -a’c+d ac
4 ArcCoth[ax] ArcTan| ————| - |ArcCos|[- ————] - 2 ArcTan| ]
a’cd a’c+d vatcd x

ax

i~ a’cd
—a2c+d
~ArcCos |- ———] -
alc+d

] +

Log[1-

2

cd]

(7a2c+d+2]‘1\/a2cd) [nga‘i@)
(a2c+d) [2d+@]

(—a2c+d—2i\/a2cd) [Zd
a

<a2C+d) [2d+21 22
X

2Ar‘cTan[L] Log[1 - |+

VvaZcd x

ax
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-aZc+d . . ac . adx
Ar‘cCos[—i} +21 —1Ar‘cTan[ }—1Ar‘cTan[ ]
aZc+d VaZcd x Vatcd
[ \Eme—m‘cmth[ax] }
Log +
Vatc+d \/—a2c+d+ (a?c +d) Cosh[2ArcCoth[ax]]
—alc+d ac adx
ArcCos|[- ————] -21i |-1iArcTan| | -iArcTan| ———| ]
ac+d VaZcd x a’cd
[ \/7 \/m eArcCothax] }
Log +
Vvatc+d \/—a2c+d+ (a?c+d) Cosh[2ArcCoth[ax]]
(—a2c+d—21\/a2cd) 2d—gaaszJ
i |PolyLog|2, | -
(a2c+d) (2d+ﬂaa:£]
(7a2c+d+21'm/a2cd) (Zd 21 aa:Cd ]
Polylog|2, I+
(a2c+d> [2d+$::£)
1 —a?c+d ac
3d [-21iArcCos|[- ————] ArcTan| ——— | +
32a*c2+a%cd (a2c+d) a’c+d vatcd x
a2
4 ArcCoth[ax] Ar‘cTan[ad;X] - Ar‘cCosPM} 72ArcTan[L}
Vva?cd a’c+d Vvatcd x
(—a2c+d—2i\/a2cd) [Zd—gaig)
Log[1 - ]+
<a2C+d) (2d+£i aaszd]
-alc+d ac
~ArcCos [- ————] - 2ArcTan| ]
a’c+d Va?cd x
(fa2c+d+2j1\/azcd) [ngaa:EJ
Log[1- |+
(a?c+d) [2d+gaa:@]
-aZc+d , , ac , adx
Ar‘cCos[—i} +21 —nAPcTan[i} JlAr'cTan[}JJ
aZc+d vaZcd x VaZcd
\/?me—Ar‘cCoth[ax]
Log | |+

Vatc+d J—azc+d+ (a2 c+d) Cosh[2ArcCoth[ax]]
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-a’c+d ] ] ac ] adx
ArcCos|[- ————] -21i |-1iArcTan| | -iArcTan| ——| ]
a’c+d VvaZcd x acd
\/? \/m @ArcCoth[ax]
Log| ]+

Vvatc+d \/7a2c+d+ (a?c+d) Cosh[2ArcCoth[ax]]
2d-

(—a2c+d—21'1\/a2cd)
(a2c+d) (2d+@]

2i+/a’cd ]

i PolyLog[Z,

] _

ax

(—a2c+d+21'm/a2cd) (ngai@)

Polylog|2, ] -
(a2c+ d) [zdﬂJ

ax

(d ArcCoth[ax] Sinh[2 ArcCoth[ax]]) / (2 a’c (a’c+d)
(-a®c+d+a*cCosh[2ArcCoth[ax]] +dCosh[2ArcCoth[ax]] )2) -
(2a®cd-5a*c?ArcCoth[ax] Sinh[2ArcCoth[ax]] -
8 a’ c dArcCoth[ax] Sinh[2 ArcCoth[a x]] - 3d% ArcCoth[a x] Sinh[2 ArcCoth[a X] ])/

(8 a*c? (a2c+d)2 (-a*c+d+a®cCosh[2ArcCoth[ax]] +d Cosh[2ArcCoth[aX] }))

Problem 66: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcCoth[a + b x]
J dx

X

Optimal (type 4, 92 leaves, 5steps):

2 2bx
~ArcCoth[a+bx] Log[ ————| + ArcCoth[a+ b x] Log| +
l+a+bx (1-a) (1+a+bx)
1 2 1 2bx
fPolyLog[Z, 1- 7} - fPolyLog[Z, 1-
2 l+a+bx 2 (1-a) (1+a+bx)

Result (type 4, 259 leaves):



Mathematica 11.3 Integration Test Results for 7.4.1 Inverse hyperbolic cotangent functions.nb

(ArcCoth[a+bx] - ArcTanh[a+bx]) Log[x] +

1
ArcTanh[a +bx] |-Log[———————] + Log[-1i Sinh[ArcTanh[a] - ArcTanh[a+bx]]] | +

1- (a+bx)2

1
— |4 (ArcTanh|[a] —Ar‘cTanh[a+bx])2— (7-2iArcTanh[a+bx] )2—
8

8 (Ar‘cTanh [a] - ArcTanh[a + b x] ) Log [1 _ @2ArcTanh[a]-2 ArcTanh[a+bx] } -
41 (m-2iArcTanh[a+bx]) Log[1+e2AreTanniabx]]

2
4 (im+2ArcTanh[a+bx]) Log[———— ] +

1- <a+bx)2
8 (ArcTanh[a] - ArcTanh[a+bx]) Log[-2 i Sinh[ArcTanh[a] - ArcTanh[a+bx]]] -

4 POlyLOg [2’ ez ArcTanh[a] -2 ArcTanh[a+b x] ] _4 POlyLOg {2) _ ez ArcTanh[a+b x] ]

Problem 70: Result more than twice size of optimal antiderivative.

sz ArcCoth[a+bx]2dx

Optimal (type 4, 204 leaves, 15 steps):
x 2a(a+bx) ArcCoth[a+bx] (a+bx)2Ar‘cCoth[a+bx1 a (3+a?) ArcCoth[a+bx]?

+ + +
3b? b3 3b3 3b3
(1+3a%) ArcCothla+bx]? 1 | , ArcTanh[a+bx]

+ — x” ArcCoth[a+bx]“ - -
3b3 3 3 b3

2 l+a+b

2 (1+3a?) ArcCotha+bx] Log[ —2—] a Log[1- (a+bx)?] 7 (1+32) Polylog[2, - *22* ]
3b3 b3 3b3

Result (type 4, 615leaves):

| 7
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(17 (a+bx)2) 4 ArcCoth[a + b x] N

(a+bx) 1- 1

(a+b x)?

3 ArcCoth[a+bx]? 12 aArcCoth[a+bx]%? 9a?ArcCoth[a+bx]?
+ +

(a+bx) [1-— (a+bx) [1-——  (a+bx) 1_(a+t1>x)z

(a+bx)? (a+bx)

(-1+6aArcCoth[a+bx] +3ArcCoth[a+bx]?-3a*ArcCotha+bx]?) +

1
(a+bx)?

Cosh[3 ArcCoth[a +bx]] - 6aArcCoth[a+bx] Cosh[3ArcCoth[a+bx]] +
ArcCoth[a+bx]?Cosh[3ArcCoth[a+bx]] +3a?ArcCoth[a+bx]2Cosh[3ArcCoth[a+bx]] +
[1-

6 ArcCoth[a + b x] Log @ 2ArcCothla:bx] | 18 a2 ArcCoth[a + b x] Log[1 - e 2ArcCothla+bx] |
+ —
1 1
(a+bx) [1- s (a+bx) [1- er
18alog) —+——|
1
(a+bx) [1- (a0x? 4 (1 +3 a2> PolyLog[Z, e—ZAr‘cCoth[a+bx]]
+ —
3 1 3/2
(a+bx) 1- 1 (a+bx) (17—(a+bx)2)
(a+bx)?

ArcCoth[a+bx]2Sinh[3 ArcCoth[a+bx]] - 3a?ArcCoth[a+bx]?Sinh[3 ArcCoth[a+bx]] -
2ArcCoth[a+bx] Log[1 - e 2ArcCothlasbxl | sinh[3 ArcCothla+bx]] -
6 a® ArcCoth[a + b x] Log |1 - e 2Arccothlasbx] | sinh 3 ArcCoth[a+bx]] +

6alog| | sinh[3 ArcCoth[a+bx]]

<a+bx) 1-

(a+b x)?

Problem 73: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JAr‘cCoth [a+bx]2

X

Optimal (type 4, 148leaves, 2 steps):
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) 2 ) 2bx
—~ArcCoth[a + b x] Log[i] +ArcCoth[a + b x] Log[ } +
l+a+bx (1-a) (1+a+bx)
2 2bx
ArcCoth[a+bx] PolyLog[2, 1 - ————] - ArcCoth[a + b x] PolyLog[2, 1 - |+
l+a+bx (1-a) (1+a+bx])

1 2 1 2bx

~Polylog[3, 1- ————| - = Polylog|3, 1

2 lra+bx 2 (1-a) (1+a+bx]
Result (type 4, 675 leaves):

i3 2 2
EA = ArcCoth[a+bx]3- = aArcCoth[a+bx]3 eAreTanh[ 2] ArcCoth[a+bx]3 -

24 3 3

1
i 71 ArcCoth [a +b X] Log [ - <e—Ar‘cCoth[a+bx] i eAr‘cCoth[a+b x] ) } _

N

(_1 4 a) eZAr‘cCoth[a+bx]

|+

ArcCoth[a+bx]? Log|1 - e2Arccothla:bxl | _ApcCoth[a +bx]? Log[1
1l+a

2 ArcCoth[a+b x] -2 ArcTanh { H ] N

ArcCoth[a+bx]?Log[1-e

1
ArcCoth [a+ b x] 2 Log [1 B eAr‘cCoth[a+b x]—Ar‘cTanhL—] } +

ArcCoth [a +b X] 2 Log [1 + eAr‘cCoth[a+b x]—Ar‘cTanh{

2 ArcCoth [a b X] ArcTanh [ l] Log [ 1 i (eAr‘CCOth[a+b x]—Ar‘cTanh[:—] _ e—Ar‘cCoth[a+b x]+Ar‘cTanhE—} ) ] .
a 2
1
ArcCoth [a+ b X] 2 Log [ ; e—Ar‘cCoth[a+b x] (71 _ eZAr'cCoth[a+bx] +a (71 4 eZAr'cCoth[a+bx] ) ) ] 4
. 1 ) b x
i 7 ArcCoth[a+bx] Log[ ——————] - ArcCoth[a +bx]? Log[- ]+
1- —1 (a+bx) [1-—2

(a+b x)? (a+b x)?

1 o 1
2 ArcCoth[a + b x] ArcTanh [ f] Log[l Sinh [Ar‘cCoth [a+bx] -ArcTanh [ f] } ] -
a a

ArcCoth[a+bx] PolylLog|2, e?Arccothla:bx)

(_1 + a) ezAr'cCoth[a+bx]

ArcCoth[a+bx] PolyLog|2,
1+a

@2 ArcCothlasbx] - 2Ar~cTanh{lH )

a

ArcCoth[a+bx] PolyLog|2,

2 ArcCoth[a + b x] PolyLog [2, ArcCoth[a+b x] Ar‘cTanh[

ArcCoth[a+b x]-ArcTanh [ H ] 2 ArcCoth[a+b x] ] N

1
2 ArcCoth[a+bx] PolyLog|2, + = Polylog|[3, e
2

( -1+ a) @2 ArcCoth[a+bx] 2 ArcCoth[a+b x] -2 ArcTanh { H ] _

1 PolyLog|3, | - = Polylog[3, e
2 2

1+a

2 PolyLog [3, B eAr‘cCoth[a+b X] fAr'cTanh[H ] _2 PolyLog [3) eAr‘cCoth[a+b X] —Ar‘cTanh[H ]

Problem 74: Result unnecessarily involves imaginary or complex numbers.

dx

JAr‘cCoth [a+bx]2
2

X
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Optimal (type 4, 251 leaves, 17 steps):

ArcCoth[a+bx]2 bArcCoth[a+bx] Log[ —*—]

1-a-bx
"
X 1-a
bArcCoth[a+bx] Log[ —*—] 2bArcCoth[a+bx] Log[ —* —]
1+a 1-a?

2bArcCoth[a+ b x] Log[m] b Polylog|2, _ﬁ}

1-a?2 ' 2(1-a)

2bx }

1+a+b x 1+a+b x (1-a) (1+a+bx)

bPolylog[2, 1- —*—] bPolylog[2,1- ——]| bPolylog|[2, 1-
. _

2<1+a) 1-a2 1-a?

Result (type 4, 206 leaves):

eAr‘cTanh { H

—l-1+a%+ x| ArcCoth[a +bx]?+

(—1+a2) X

1 1
bxArcCoth[a+bx] |-i+2ArcTanh|~] -2Log|1- eszrCCOth[amx]*zAPCTanhH ]

a

+

] +2 ArcTanh [ l}
a

bx |1 Log[l 4 eZArcCoth[a+bx] }

- Log|

(a+b x)?

~2ArcCoth(a+b x] +2 ArcTanh 2| | - Log[i Sinh[ArcCoth[a +bx] - ArcTanh| 1} 1111+

a

Log[lfe

b x PolyLog {2 e—z ArcCoth[a+b x]+2 Ar‘cTanh{:—] }
B

Problem 75: Result unnecessarily involves imaginary or complex numbers.

ArcCoth[a + b x]?
J dx

x3

Optimal (type 4, 370leaves, 21 steps):
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b2 ArcCoth[a+ b x] Log[ —*—]

b ArcCoth[a+bx] ArcCoth[a+bx]2 b?Log[x] 1-a-bx
- - + +

(1-a?) x 2 x2 (1-a2)? 2(1-a)?
b2 Log[1-a-bx] ) b2 ArcCoth[a + b x] Log[h;bx] i 2 ab?ArcCoth[a + b x] Log[h;bx]
2(1-a)*(1+a) 2 (1+a)? (1-a2)?
2ab?ArcCothla+bx] Log[mﬁ'ﬁ] ) b2 Log[1+a+ bx] ) b? PolyLog 2, _ﬁ]
(1-a2)? 2 (1-a) (1+a)? 4(1-a)?
b? PolyLog[2, 1 - 1+a2+bx} ) ab?Polylog|2, 1- 1+a2+bx} ) ab?Polylog|2, 1- m}
4 (1+a)? (1-2a%)° (1-2a%)°

Result (type 4, 291 leaves):

1

1
~1-a*+b?x?+a?|2+b% |-1+2 1 grrerann[Z] ) e ArcCoth[a+bx]?+

2 (—1+a2>2x2

2 b xArcCoth[a + b x]

-2 ArcCoth[a+b x] +2 ArcTanh { :—] }

1
—1+a2+abx+1'1ab7rx—2aber‘cTanh[f] +2abeog[1—e +

a

2b2x? |-ianLog[l+e?ArcCothadx]] | 4 37 og| ————| «
1
1- (a+bx)?
Log|- b ] —2aAr‘cTanh[1]
a
(a+bX> 1- (a+;x)2
(Log [1 B efZAr'cCoth[a+bX]+2Ar‘cTanh{:*]} _ Log[il Sinh [Apc(joth [a+bx] -ArcTanh [ 1} ] ] _
a

1
2a b2 X2 PolyLog [2, e—ZAr‘cCoth[a+b X] +2Ar‘cTanh{;] }
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Problem 76: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

ArcCoth[a + b x]
J dx

c+dx?

Optimal (type 4, 673 leaves, 15 steps):

L _laabx] 1 (b?c+a?d) (1-a-bx)
Og[ a+bx } Og[ ! (bzc—bﬁﬁ—(l—a)ad) (a+bx)}
N
L _laabx] 1 (b?c+a?d) (1-a-bx)
Og{ a+bx ] Og{ + (b2c+b\/7\gf(1fa) ad) (a+bx)]
N
a"c d
L lratbx | | 1- (b? c+a?d) (1+a+bx)
Og[ a+bx ] Og[ (bz c-b~/—c +/d +a (1+a) d) (a+b x)
4~/-c /d
L lratbx | | 1- (b? c+a?d) (1+a+bx)
og[ arbx ] og[ (b? c+bv/=c Vd +a (1+a) d) (a+bx)
.
4+ -c \/?
(b?c+a?d) (1-a-bx) (b? c+a?d) (1-a-bx)
PolyL 2, - PolyL 2, -
oY Og[ ’ (bzc—bﬁﬁ—(l—a)ad) (a+bx)] o Og[ ’ (b2c+b\/7\/7—(1—a)ad> (a+bx)]
- +
4+/-c \/d 4~/-c \/d
(b? c+a?d) (1+a+bx) (b? c+a?d) (1+a+bx)
PolyL 2 PolyL 2
o Og[ ’ (bzc—bﬁﬁm (1+a) d) (a+bx)} oty og{ ? (b2c+b\/7ﬁ+a (1+a)d) (a+bx)]
4~/-c \/d 4~/-c \Jd
Result (type 4, 1450 leaves):
1
4 (1-a?) e d <a+bx)2 (1— (a+;x)2)
(1— (a+bx)2) -4 (-1+a%) \/d ArcCoth[a+bx] ArcTan[ﬁX] +2i+/d
Ve
-1 d -1 d
Ar‘cTan[ﬁ} ArcTan | X} 21 aZWArcTan[w} Ar‘cTan[ﬁx] -
bve Ve bvec NG
1 d 1 d
ZjﬁArcTan[%] Ar‘cTan[ X] +Zja2ﬁArcTan[@] Ar‘cTan[\/?X
bve Ve b/c Ve
b2 “14a)?d iancran|lelle
26 arctan| YO X |2 pye [ POt (2t et ran YO,
Ve b? ¢ Jo
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-
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bc —C+( +a) e reten| by/c }ArcTan[ﬁX}z—
b2 c NS
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-1 d “2i [arcTan| 1224 | pncran] Yo x ]
zﬁArcTan[ﬂ] Log[l-e reten| bc Jrare an{ﬁ} ] -
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-1 d 721[/& Tan| L220/d ] ancran[ e
ZaZEArcTan[ﬂ} Log[1-e reten| b/ Joaec an[ﬁ} ]+

bc

-1+a) \,‘/d }

d x -2i [Ar‘cTan{( +Ar‘cTanP/LXH
2+/d ArcTan]| | Log[1-e bc Ve ] -
C
X -21 |ArcTan { @} +ArcTan [ @] ]
2a%*+/d ArcTan| | Log[1-e bc Ve ) -
C
I [
1 d 214 {A Tan| 22V | ApcTan | X4x
ZﬁArcTan{%] Log[1-e oy Jrare an{v‘c ) ] +

bc

(1+a) \/?] Log[lfeizj
bvc

Ar‘cTan[ima)ﬁ\/d }+Ar‘cTan{Jd X” }

2a2+/d Ar‘cTan[ b/ Je

“21 [arcTan| 2:2Ye ) arcran [ e x
ZWArcTan[ﬁx]Log[l—e reten| bc } rca"uj} ]
C
% 2 (Ar‘cTan { @] +ArcTan { Ja x } ]
2a2\/FAr‘cTan[ } Log[l_e bfc Je } B
C

(-1+a) Vd

2 \HAPcTan[ ( M

] Log [—Sin [Ar‘cTan[ (

bc b~/c Nra

[M} Log[—Sin[Ar‘cTan[M} + ArcTan|

b\/? b\/? \/?

ZEAPcTan[M] Log[fsin[ArcTan[M Vd x
b\/? b\/?

M] Log[—Sin[Ar‘cTan[M} +Ar‘cTan[

b~/c b/c Nr

(-10a)\a
|+

2a’+/d ArcTan

| +ArcTan]|

2a%+/d Ar‘cTan[

—
-21i Vde}

i (-1+a%)+/d PolylLog|2, e

ArcTan| 2204 [ arcTan |

by c Ve
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4

(a2 o +ArcTan x
L 2]

-21i

i(-1+a%) Vd PolylLog[2, e

ArcTan

Problem 77: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcCoth[a + b x]
J dx

c+dx

Optimal (type 4, 120 leaves, 5steps):

2 2b (c+dx)
ArcCoth[a+bx] Log]| 1+a+bx} ArcCoth[a+bx] Log| (b crd-ad) (Lrasb) ]
- + +
d d
2 _ 2b (c+d x)
P01yLOg {2’ 1- 1+a+bx] PolyLog [2" 1 (bc+d-ad) (1+a+bx) ]
2d 2d

Result (type 4, 330leaves):

(ArcCoth[a+bx] - ArcTanh[a+bx]) Log[c+dx] +ArcTanh[a + b x]

1

bc-ad
| + Log[i Sinh[ArcTanh| | +ArcTanh[a+bx] ||| +

-Log]|

1- <a+bx)2

bc-ad
d

0 |-

2
] +Ar‘cTanh[a+bx]) -

~(m-2iArcTanh[a+bx])?+4 (Ar‘cTanh[

41 (m-2iArcTanh[a+bx]) Log[1+e2ArcTanniabx]]
bc-ad

d

8 [Ar‘cTanh [ ] +ArcTanh[a+bx]| Log [1 —e? (ArcTanh| =<2 arcTann (a-b ]| ] +

2
4 (in+2ArcTanh[a+bx]) Log[ ——] -8 [Ar‘cTanh[

1- <a+bx)2

bc-

d
| +ArcTanh[a + b x]

bc-ad
d

Log [2 i Sinh [Ar‘cTanh[ ] +ArcTanh[a + b x] ] } -

4Polylog[2, -e?ArcTenh(a-0x1] _ 4 polylog|2, e (ArcTanh | <2 -ArcTanh (a+bx] ] J ]

Problem 78: Result unnecessarily involves imaginary or complex numbers.

ArcCoth[a + b x]
dx
c+ 4
X

Optimal (type 4, 292 leaves, 37 steps):
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(1-a-bx) Log[-22%] (a+bx) Log[2:22X]

a+bx Log[a+bx] Log[1l+a+bx] a+bx
+ + + -
2bc 2bc 2bc 2bc
1-a-b l-a-b 1l+a+b
dLog[J—uc?asz | Logld+cx] ) dLog|- abxx] Log[d + ¢ X] ) dLog[CGa:ib;‘ | Logld+cx] )
2¢? 2¢? 2¢c?
1+a+bx b (d+c x b (d+c x
d Log[ ] Log[d + c X] ) d Polylog|2, 74—>—c+ac7bd] ) dPolylog|2, J—Lcaﬁbd]
2c2 2¢c? 2¢c?

Result (type 4, 502 leaves):

; 2ac?ArcCoth[a+bx] -1bcdmArcCoth[a+bx] +
2bc

2bc?xArcCoth[a+bx] +bcdArcCoth[a+bx]?2+abcdArcCoth[a+bx]?-

CZ
(ac—bd)2

Ar‘cTanh[
e

b2 d2 ArcCoth[a+bx]?2-abcd [1- }Ar‘cCoth[aerx]2

C2

(ac-bd)?

Ar‘cTanh{
e

b2d? |1- }Ar‘cCoth[a+bx12

c
2bcdArcCoth[a+bx] ArcTanh| ————] + 2b cd ArcCoth[a + b x] Log[1 - e 2Arccothlasbx] ]
ac-bd

ibcdrLlog[l+eArecothlabxi] _ 5 b cdArcCoth(a +bx] Log[l e

] -
] -

-2 ArcCoth[a+b x]+2 ArcTanh {

Sl

-2 ArcCoth[a+b x]
- €

c
2bcdArcTanh| ———] Log[1
ac-bd

ibcdﬂLog[;] -2c’Log|
—1 (a+bx) 1- —1

B (a+bx)? (a+bx)?

c . c
2bchr‘cTanh[7] Log[n Slnh[Ar‘cCoth[a+bx] —Ar‘cTanh[i] H -
ac-bd ac-bd

bcdPolylog[2, e 2AcComiabxl | . b dpolyLog[2, e 2AeCothiarbx)2ancTann| o]y

Problem 79: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcCoth[a + b x]
dx
c+ &
X

Optimal (type 4, 738 leaves, 57 steps):
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(1-a-bx) Log[-1+a+bx] x(mg&4+a+bx1—mgkiﬁﬁi]—mgw+bx]

+ a+b x B
2bc 2c
\/d_Ar‘cTan[l%] (Log[—1+a+bx] —Log[—%} —Log[a+bx})
2c3/2 *

(1+a+bx) Log[l+a+bx] +X (Log[a+bx} -Log[l+a+bx] +L08[%])

2bc 2c
X l+a+bx
V& arcran 4] [Logla+bx) -LogiL e +bx) + Log [
2C3/2 '
b (/d -v/-c x b (/d -v/-c x
Log[-1 Log| - Log[1 L
V/d Log(-1+a+bx) Log| (La)x/jfbﬁ} _\/? °g[i+a+bxl og[(ha)ﬁwﬁ}
4 (—c)32 4 (-c)3?
b (+/d +V-c x b (/d +V/-c x
dL 1 b L —J—L d L -1 b L
V/d Log[1+a+bx] Log| (1+a) V-c -b d]_\/— og[-1rarbx] Og{u—a)ﬁ*bﬁ} +
4 (—c)32 4 (-c)3/?
d PolyL 2, /¢ (1-abx) d PolvL 2, A -c (1-a-bx)
Vd polyLog| (La)ﬁ—b\/?]_r olytog| <1—a>ﬁ+bﬁ]+
4<—C)3/2 4(_(:)3/2
d PolyL 2, W -c (d+aibx) d PolvL 2, _-c (d+asbx)
Vd Polylog[2, T T . Vd Polytog[2, 7o T
4 (-c)32 4 (-c)?2
Result (type 4, 15460 leaves):
(a+bx) ArcCoth[a+bx] - Log[%}
(a+b x) 1- !
1 arbx)?
- (1- (a+bx)?] T
(a+bx)2 (1— L bc
(a+bx)?
a2 c+b?d
1 ArcCoth[a + b x] ArcTan [ ——=bi—]|
1 byc Vd 1
2bd +
c 2b+/c \/d 2 (a?c+b2d) (-1+ —
(a+bx)?
. 2 JEUTI
_b d avec a’c+b%*d )) 2 2 2 ac
_1+c (a% r(bﬁ bc V/d (a+bx) B <a b d> APCTan[bﬁﬁ} +

(a2c+b2d)2 2(a4c2+b4d2—a2c(c—2b2d))
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jAPcTan{% v
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b~/c V/d
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bc Vd
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e b/c Vd
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(a+bx) a+bx
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2 |ArcTan| <22 ArcTan| : ci:"b‘: ] J
i PolylLog[2, e e Ja =]

-ac+a?c+b?d

1 i ArcTan - :
alc|e bye /d
- 2 b2 2
(-ac+a?c+b?d) 7, lacea?esb?d)”®
b?cd
2 2
ac—% . 1

a+b x (—ac+a2c+b2d)
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Pevd b\/?\/?Jlj—bd)_
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b~c \d
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b~/c V/d
_ 2 2 2i |ArcTan % +ArcTan ac*i:‘%:
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b~/c \/d

2c+b?d 2
(az C+b2d) cy e ac)
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b?cd

a’c+b%d
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bc Vd bc Vd

a2 cib2d
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1 4 i ArcTan ;acicﬁd
3a"c |e byc Vd
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2 2
ac- a c+bb d R 1
a X
ArcTan | u + (-ac+a’c+b’d)
b V C \/d 2 2
- b2d
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a2 c+b2d 2 2
JﬁAr‘cTan{atﬁa‘“ ac- Tebd
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}+/-\r'cTan{ac*az:"bbjd J
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2b2d (-ac+ac+b?d) |1+ lBeetidl
b?cd
2 2
ac- a‘c+b*d 1

a+b x 2
+

bc Vd
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acwazcwbzd}

—ac+a?c+b?d 21

| -2ilog[1-e
bvc d

by c +/d by c +/d
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Problem 80: Unable to integrate problem.

ArcCoth[a + b x]
J dx

c+d \/7
Optimal (type 4, 619 leaves, 55 steps):
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Result (type 8, 20leaves):
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Problem 81: Attempted integration timed out after 120 seconds.
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VX
Optimal (type 4, 738 leaves, 65 steps):
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Result (type 1, 1leaves):

PP

Problem 82: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JAr‘cCoth [d+ex]
X

a+bx+cx?
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| 35
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Problem 95: Result unnecessarily involves higher level functions.
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n

Problem 100: Result unnecessarily involves complex numbers and more than
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Problem 101: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Cosh[3 ArcCoth[c+dx]] -6 cArcCoth[c + dx] Cosh[3 ArcCoth[c+dx]] +
3ArcCoth[c+dx]] +3c?ArcCoth[c+dx]2Cosh[3ArcCoth[c+dx]] +
e—ZArcCoth[md x] ]

]
ArcCoth[c +dx]2Cosh]
[1- 18 c2 ArcCoth[c +d x] Log[1 -

6 ArcCoth[c +dx] Log @ 2ArcCothlc+dx] |
+
1 1

(c+dx) 1- T (c+dx) 1- p—my

18clog| ——+—|
1
(c+d x) 17W 4 (1 +3 C2> PolyLog[Z, e—ZAr‘cCoth[ud x]]
- 1 )3/2 -

3
(crdx) [1- (e+dx)? [1- i

ArcCoth[c +dx]?Sinh[3 ArcCoth[c +dx]] - 3 c?2 ArcCoth[c +d Xx]
2 ArcCoth[c +dx] Log[1 - e 2ArcCothicsdxl | sinh[3 ArcCoth[c+dx]] -
-2 ArcCoth[c+dX] } Sinh[3 ArcCoth[c+dx]] +

2sinh[3 ArcCoth[c+dx]] -

6 c2 ArcCoth[c +dx] Log|[1
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6 cLog| | sinh[3 ArcCoth[c +dx]]

(c+dx) [1- 1

(c+dx)?

Problem 112: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bAr‘cCoth[c+dx])2
dx

e+fx

Optimal (type 4, 214 leaves, 2 steps):

| 53

2 2 2 2d (e+fx)
(a+bArcCoth[c+dx]) Log[hudx} (a+bArcCoth[c+dx])?Log| et e ]
- + +
f f
2
b (a+bArcCoth[c+dx]) PolyLog[2, 1- 1+C+dx]
.F
_ 2d (e+fx)
b (a+bArcCoth[c+dx]) PolyLog|2, 1 Gefct edn ]
+
..F
2 2 2 B 2d (e+fx)
b POlyLOg[B’ 1- 1+C+dX} B b POlyLOg[3, 1 (de+f-cf) (1+c+dx) }
2f 2f
Result (type 4, 1640 leaves):
aLlogle+ fx] (ArcCoth[c+dx] - ArcTanh[c+dx]) Logle+fx] 1
—+2ab - — 1 |1iArcTanh[c +dXx]
f f f
1 . de-cf
-Log]| | + Log[i Sinh[ArcTanh| ———] + ArcTanh[c+dx] ||| +
2 f
1-(c+dx|
1 e de- , 2 1 , )
= -1 (JlAr‘cTanh[ ] +iArcTanh[c+dx]| - =i (m-21iArcTanh[c+dx])*+
2 4
de*C'F . . de-cf .
2 (]1 ArcTanh[ S2=ST] L i ArcTanh[c + dx] | Log[1 - e2* [*AreTann| = i arctanniceaxi | )
.F

(m-2iArcTanh[c+dx]) Log[1-e' 2iArcTannicdxD) | (;r_ 2 j ArcTanh[c +d x] ) Log|

de—cf}
.F

ZSin[l (m-2iArcTanh[c+dx])]] -2 (J’lAr‘cTanh[ +1 ArcTanh[c +d x]
2
. de-cf )

Log[z i Slnh[APcTanh[f] +ArcTanh[c +d x] H -1

21 (]'l ArcTanh { decf

PolyLog[Z, e

1
d(c+dx)? (e+fx) (1—+

(c+dx)?

b2 (de—cf+f(c+dx)>

]+]i ArcTanh [c+d x]) ] _ i PolyLog [2, i (721 ArcTanh[c+dx]) } ) B
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1
24 £2

(i fr*-8deArcCoth[c+dx]?-8FfArcCoth[c+dx]>+

8 c fArcCoth[c +dx]3+24 fArcCoth[c +dx]? Log|[1 - e2Arccothlcrdxi]
24 f ArcCoth[c + d x] Polylog|2, e?Arecothicrdx ] _ 1) f polylog |3, e2Arccothlcsdx) )
1

6f2 (de+f-cf) (de- (1+c) f)

(-de-f+cf) (-de+f+cf)

2deArcCoth[c+dx]®-6fArcCoth[c+dx]3-2cfArcCoth[c+dx]3-

—Ar‘cTanh{ dZQZ*ZCdef+<71+C2>f2

de—cf} 7Ar‘cTanh[ﬁ}

4dee ArcCoth[c+dx]>+4ce

(de—cﬂ2

d?e?-2cdef+ (-1+c?) f

ArcCoth[c+dx]3?+61frArcCoth[c+dx] Log[2] -
(de—c-F)2

fArcCoth[c+dx]?Log[64] - 6 i frArcCoth[c +dx] Log[e Arccothicdx] , gArcCothlcrdx] ]

ArcCoth [c+d X]+AV‘CTanh{de,cf} ] n

6 f ArcCoth[c+dx]?Log[l-e

eAr‘cCoth [c+d x] +ArcTanh {

.
6 f ArcCoth[c +dx]? Log[1+ fcf}] +6fArcCoth[c +dx]?

2 (Ar‘cCoth [c+d x] *A"CTanh[#] ) ]

Log[l—e +12 f ArcCoth[c + d x] Ar‘cTanh[

de-cf

Log [ 1 i e—Ar‘cCoth[ud x]fArcTanh{def?} (71 4 ez (ArcCoth[ud x]+Ar-cTanh{defcf” J ] +
2
6 f ArcCoth[c +d x]? Log[- e recothicrdx] (de (-1 4+ @?ArcCothicsdx) o (14 ¢+
<e2/-\r‘cCo‘ch[c+d x] _ C eZAr‘cCoth[ud x] > 'F) } _6fArcCoth [C +d X] 2 Log[ 1
de - (1 + C) f
(—d e (_1 + eZAr‘cCoth[mdx]) + (_1 _ e2Ar‘cCoth[c+dx] i C <_1+ eZAr‘cCoth[udx] )) 'F)] -
6 i frArcCoth[c+dx] Log]| = | -6fArcCoth[c+dx]?
1
(c+dx)?
f de cf
Log|- - + | =12 f ArcCoth|
1 1 1
1- (c+d x)? <C+dX) 1- (c+d x)? (C+dX> 1- (c+d x)?

f . f
c+dx] ArcTanh[ﬁ] Log[i Sinh[ArcCoth[c +d x] +Ar‘cTanh[d7f} ]+
e-c e-c

.
12 f ArcCoth[c + d x] PolylLog|2, - gAnecoth[ced x] sarcTanh | |+
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12 f ArcCoth[c + d x] PolyLog[Z, e

£

ArcCoth[c+d x] +ArcTanh [ de,cf} } +

£
ArcCoth[c+d x]+Ar‘cTanh[7de7cf]) ] ~6fArcCoth[c +dx]

6 f ArcCoth[c +d x] PolylLog|2, e

(EZAr‘cCoth[md x] (d e+f-c 'F)

de—(1+c)f

ArcCoth[c+d x] +Ar‘cTanh[d f f] }
e-c -

PolylLog [2, ] -12 f PolyLog [3, -e

ArcCoth[c+d x] JrAr‘cTanh{d f } }

12 f Polylog[3, e aerl] - 3 fPolylog 3, e |ArccotnicrdxancTann| T ] )

eZAr‘cCoth[md x] <d e+f-c ‘F>

de—(1+c)1c

3 f Polylog|3,

]

Problem 113: Result unnecessarily involves imaginary or complex numbers.

J<a+bAr‘CC0th[c+dX]>2 4
X

(e+-Fx)2

Optimal (type 4, 480 leaves, 24 steps):

(a+bArcCoth[c+dx])? b2 d ArcCoth[c +d x] Log[lfidx} abdlog[l-c-dx]

. £ e+ x) ' flde+f-cf) . f(de+f-cf)
b2 d ArcCoth[c +d x] Log[hidx] ) 2b2dArcCoth[c +dx] Log[hidx] ) abdlog[l+c+dx]
f(de—F—cf) (de+f—cf) (de—(1+c)1‘:) f(de—f—cf)
s abatogle. ) 2V SATCCOmIc -ax) gl LI ] aporyiog(2, bt
-FZ_(de_c-F>2 (de+f-cf) (de- (1+c) f) 2f (de+f-cf)
b2dPolylog[2, 1- —2—]  b2dPolylog[2, 1- —%—]  b2dPolylog[2, 1~ —2&iefx ]

1+c+d x 1+c+d x

2f (de-f-cf) (de+f-cf) (de—<1+c)1c)+ (de+f-cf) (de- (1+c) f)

Result (type 4, 806 leaves):

a2 1 ) f de-cf
- + 2ab(1—(c+dx) ) +
-F(e+-Fx) d(e+-Fx>2 1 1
1- ; (c+dx) [1- .
(c+d x) (c+d x)
(-de+cf) ArcCothc +dx] 1

—Ar‘cCoth[c+dx]/ flc+dx) [1-

f(-de-f+cf) (-de+f+cf) (c+dx)?
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f de cf

1. —1 <c+dx) 1 —1L (c+dx) 1-

(c+dx)? (c+dx)? (c+dx)?

f de cf ]
+

Log| - - +
— - (c+dx) [1- : 5 (c+dx) [1- E 5
(c+dx) (c+dx) (c+dx)

d?e?-2cdef-f2+c?f?

o
df (e+fx)?

bz(l—(c+dx)2) +

.
T ] Anccoth [c+dx]? ArcCoth[c +dx]?
. +

2
-de+cf 1- —F— -
( rcf) (de-cf)2 (c+dx) 17(“:)()2 f + de-cf
11 (cidx) [1-—1t
(crdx)? (crdx)?

1 f
f |imArcCoth[c +dx] +2ArcCoth[c +dx] ArcTanh|[ ———] -
d?e?-2cdef+ (-1+c?) f de-cf

ArcCoth[c+d x] +ArcTanh [ d:cf] ) ] -

ilog[1+e2hrecothicsdxl ]y 5 ApcCoth[c +d x] Log[1 - e 2

2Ar‘cTanh[L] Log[l _ e—Z (Ar‘cCoth[udx]+Ar‘cTanh{7defcf})} cir Log[i] +
-de+cef ] 1
(c+d x)?
f f
2Ar‘cTanh[7] Log[j Sinh[Ar‘cCoth[Cerx] +Ar‘cTanh[7] H -
-de+cef de-cf

ArcCoth[c+d x] +ArcTanh [ defc f} ) ]

PolyLog[2, e (

Problem 114: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

J(ewa)z (a+bAr‘cCoth[c+dx})3dlx

Optimal (type 4, 546 leaves, 21 steps):
ab2f2x b>f2 (c+dx) ArcCoth[c+dx]
+

d? d?
bf2 (a+bArcCoth[c+dx])? 3bf (de-cf) (a+bArcCoth[c+dx])?
2d3 : d? ’
3bf(de-cf) (c+dx) (a+bAr‘cCoth[c+dx]>2 b f2 (c+dx)2 (a+bAr‘cCoth[c+dx])2
o ' 2d3 )
(de-cf) (d>e?-2cdef+ (3+c?) f2) (a+bArcCoth[c+dx])?
3d3f :
(3d?e’-6cdef+ (1+3c?) f2) (a+bAr‘cCo‘ch[c+dx])3
3d3 :
(e+fx)? (a+bArcCoth[c+dx])>? 6b2f (de-c¥) (a+bAr‘cCoth[c+dx})Log[liidx]
3f B d3
lb(3d2e2—6cde-F+(1+3c2)1°2) (a+bAr‘cCoth[c+dx])2Log[# +
d3 1-c-dx
b® 2 Log[1- (c+dx)?] 3b3f(de—cf)PolyLog[2,—ﬁ]
243 . o i
b’ (3d’e*-6cdef+ (1+3c?) %) (a+bArcCoth[c+dx]) PolyLog|2, 17j} +

b* (3d2e?-6cdef+ (1+3c?) f2) Polylog[3, 1- —*—|

1-c-dx

2d3

Result (type 4, 2594 leaves):
a? (ad2e2+3bde-F—2bc-F2) x a’f (2ade+b-F) x2

+ +

d? 2d

1
—a’f*x>+a’bx (3e*+3efx+f>x*) ArcCoth[c+dx] +
3

21?(3a2bd2e2—3a2bcd2e2+3a2bdef—6a2bcde-F+
3a’bc*def+a’bf?-3a’bcf?+3a’bc*f*-a*bc® ) Log[l-c-dx] +

21?(3#bd2e2+3a2bcd2e2—3a2bdef—6a2bcdeF—3a2bc2de-F+a2b-F2+
3a’bcf?+3a’bc*f2+a’bc®f?) Log[l+c+dx] + (Babze2 (1— (c+dx)2)

(ArcCoth[c +dx] (ArcCoth[c+dx] - (c+dx) ArcCoth[c +dx] +2 Log[1 - e 2Arccothicrdx] ] _

1
1-

Polylog|2, e*“f‘ccoth[udx]]))/ [d (c+dx)? < E
c+dx

]_

| 57
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3ab2ef (1- (c+dx)?] [2cArcCoth[c+dx]%+ (c+dx)? |1- ArcCoth[c+dx]?%-
<c+dx)2
2 (c+dx) ArcCoth[c+dx] (-1+cArcCoth[c+dx]) +
4 c ArcCoth[c +dx] Log[1 - e 2Arccothlerdxl ] _ 3| og| ! ] -
(c+dx) [1- (c+(:1lx)2
2 c Polylog|[2, e 2Arccothicrdx] | /[d2 (c+dx)2 1- .t +
(c+dx)2

(b3e2 (1- (cvdx)?]

i3
—— - ArcCoth[c+dx]?- (c+dx) ArcCoth[c+dx]? +
8

3 ArcCoth[c +dx]? Log[1 - e2Arecethicsdxl | 4 3 ArcCoth[c +d x] Polylog |2, e?Arccothicsdx] | _

EpolyLogp, eZAr‘cCoth[mdx]]])/ [d (C+dX>2 1- 1 J_
2

1

4 d2

<c+dx)2
b3ef (1— (c+dx)2) icn-12ArcCoth[c+dx]?+

(C+dx)2(1— 1

(c+dx)?

12 (c +dx) ArcCoth[c+dx]?-8cArcCoth[c+dx]>-8c (c+dx) ArcCoth[c+dx]>+

4 (c+dx)2 1- ArcCoth[c +dx]3 - 24 ArcCoth[c +d x] Log[1 - e 2Arccothlcrdxi]

(c+dx)?
24 c ArcCoth[c +dx]? Log[1 - e2Arecothlerdxl ], 13 polylog |2, e 2Arccothicrdx]]

24 c ArcCoth[c + d x] Polylog |2, e?Arecothicrdxl| _ 13 ¢ PolyLog|3, e?Arccothlicsdx] | ] -

——ab*f?* (c+dX) R — ; (1—(c+dx>2) 4ArcCothfc+dx] |
(€ dx) (c+dx) [1-—
(c+dx)?

3 ArcCoth[c+dx]?2 12 c ArcCoth[c+dx]? 9c?ArcCoth[c +dx]?

+ +

1
(c+d x)?

(C+dx) 1- (cjx)z <C+dx) 1- (ij)z (C+dx) 1-

(-1+6cArcCoth[c+dx] +3ArcCoth[c+dx]?-3c*ArcCothc+dx]?) +

1
(c+d x)?

Cosh[3 ArcCoth[c+dx]] -6 cArcCoth[c +dx] Cosh[3 ArcCoth[c+dXx]] +
ArcCoth[c +dx]?Cosh[3ArcCoth[c +dx]] +3 c?ArcCoth[c +dx]2 Cosh[3 ArcCoth[c+dx]] +
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6 ArcCoth[c +dx] Log|[1 - e 2ArcCothlcrdx] | 18 c2 ArcCoth[c + d x] Log[1 - e 2Arccothlcrdx] |
+

<c+dx) 1——(“;)()2 (c+dx) 1- (c+:x)2
18 clog| ————]
(c+d x) 1*[0:7)(]2 4 (1+ 3 C2> PolyLog[Z, e—ZAr‘cCoth[c+dx]]
+ _
3 1 3/2
(evax) [1- 2 (evdx)? (1-55)

ArcCoth[c +dx]2Sinh[3 ArcCoth[c+dx]] - 3 c?ArcCoth[c +dx]?Sinh[3 ArcCoth[c+dx]] -
2 ArcCoth[c +dx] Log |1 - e 2Arccothicxdx] | sinh 3 ArcCoth[c+dx]] -

6 c2 ArcCoth[c +dx] Log[1 - e 2ArcCothlcrdx] | ginh[3 ArcCoth[c+dx]] +

6 cLog| | sinh[3 ArcCoth[c+dx]] ]| +
<C+dx) 1- —1

(c+dx)?

! b® 2 (1- (c+dx)?| |3cPolylog[2, e 2Arecothierdx] ]
¢ (crdx)? (1- 2
(c+d x)
1 , 1 22 343 912
— (c+dx)” |1- ( >2 - +
96 c+dx
(C+dx) 1- (cujx)z (c+dx> 1- (c+;x)2
24 ArcCoth[c +d x] 72cAr‘cCoth c+dx]? 48 ArcCoth[c +dx]?

-1 (C +d X
(c+dx)? (c+d x) (c+dx)?

216 c ArcCoth[c +d x]? ~ 24 ArcCoth([c +dx] 24 c? ArcCoth[c +d x]

c+dx 1- . [1
( ) (c+d x)? (c+dx)? (c+dx)?

24 ArcCoth[c +dx]3 96 c ArcCoth[c +dx]3 72 c? ArcCoth[c +d x]
+ - 24 ArcCoth|
(c+dx) [1-—2 (c+dx) -1 (c+dx) -1
(c+dx)? (c+dx)? (c+d x)?

c+dx] Cosh[3ArcCoth[c+dx]] +72cArcCoth[c+dx]?Cosh[3ArcCoth[c+dx]] -
8Ar‘cCoth[c+dx]3Cosh[3Ar'cCoth[c+dx}] - 24 c? ArcCoth[c+dx]3

432 c ArcCoth[c + d x] Log[1 - e 2ArcCothlcdx] |
Cosh[3 ArcCoth[c+dx]] +

<C+dx) 1- ——

(c+dx)?
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72 ArcCoth[c +d x]2 Log[1 - e2Arccothlcrdx] |

(c+dx) 1-—1

(c+dx)?

72 Log[ —————]

1
216 c2 ArcCoth[c +d x]2 Log[1 - e2Arccothicrdx] | (erdx) 1= ran?

(c+dx) [1-—2 (c+dx) [1-

(c+dx)?

96 (1+3c?) ArcCoth[c +d x] Polylog [2, e?ArcCothlcrdx] |

<c+dx)3 (1—%

)3/2
c+d x)?

48 (1 + 3C2> PolyLog[3, eZAr‘cCoth[mdx]]

+1 72 Sinh[3 ArcCoth[c+dx]] +
(c+dx)3 (1—+

3/2
(c+dx)z)

31 c?®Sinh[3 ArcCoth[c+dx]] - 72 c ArcCoth[c +d x]?Sinh[3 ArcCoth[c +dx]] -
8 ArcCoth[c +dx]3Sinh[3 ArcCoth[c+dx]] -

24 c? ArcCoth[c +d x]3Sinh[3 ArcCoth[c+d x]] -

144 c ArcCoth[c +d x] Log[1 - e 2Arecothic+dx] [ 5inh[3 ArcCoth[c+d x] ] +

24 ArcCoth[c +dx]? Log |1 - e?Arccothlic:dx] ] ginh[3 ArcCothc +dx] ] +

72 c* ArcCoth[c + d x]? Log[1 - e?Arecothlesdx] | ginh [3 ArcCoth[c +d x]] +

24 Log| | sinh[3 ArcCoth[c +dx]]

<c+dx) 1. —1

(c+dx)?

Problem 115: Result unnecessarily involves imaginary or complex numbers.

J<e+'|:X) (a+bAr‘cCoth[c+dx])3d1x

Optimal (type 4, 326 leaves, 15 steps):
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3bf (a+bAr‘cCoth[c+dx]>2 3bf (c+dx) (a+bAr‘cCoth[c+dx])2

2d? : 2d? :
(de-cf) (a+bArcCoth{c+dx])®> (d?e?-2cdef+ (1+c?) ) (a+bArcCoth{c+dx])>
- +

d? 2d%f
(e+-Fx)2 (a+bAr‘cCo‘ch[c+dx])3 . 3b?f (a+bArcCoth[c+dx]) Log[l_cz_dx] )

2f d2
3b(de-cf) (a+bAr‘cCoth[c+dx])2Log[j] . 3 b3 f Polylog|2, —ﬁ}

d? 2d?
3b% (de-cf) (a+bArcCoth[c+dx]) Polylog[2, 1- j}
d2
2

3b% (de-cf) Polylog[3, 1- 17c7dx]

2 d?

Result (type 4, 600 leaves):
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% 2a* (2ade+3bf-2acf) (c+dx)+2a*f (c+dx)®-
4d

6a’b (c+dx) (cf-d(2e+fx))ArcCoth[c+dx] +3a’b (2de+f-2cf) Log[l-c-dx]+

3a’b (2de- (1+2c) f) Log[l+c+dx] +12ab*f | (c+dx) ArcCoth[c+dx] +

N |

(—1+ (c+dx)2) ArcCoth[c+dx]? - Log|

1+

(C+dx) 1- 1

(c+dx)?

12ab’de (ArcCoth[c+dx] ((-1+c+dx) ArcCoth[c+dx] -2 Log[1- e 2Arccothlcsdx)])
POlyLog[z, e—zAI"CCOth[c+dx] ]) _
12ab’cf (ArcCoth[c+dx] ((-1+c+dx) ArcCoth[c+dx] -2 Log[1- e 2Arccothlcdxi])
PolyLog [2) @-2ArcCoth(c+dx] ] )
2b*f (ArcCoth[c+dx] (3 (-1+c+dx) ArcCoth[c+dx] + (-1+c*+2cdx+d>x?)
ArcCoth[c+dx]?-6Log [1 _ @-2ArcCoth[c+dx] ] ) + 3 PolylLog [2’ @-2ArcCothc+dx] } ) .

3

+

3 ir 3 3
4bde |- +ArcCoth[c+dx]?+ (c+dx) ArcCoth[c +dx]? -

8
3 ArcCoth[c +dx]2 Log |1 - e2Arccothicsdx] | _
3
3 ArcCoth[c +dx] Polylog[2, e?Arccothictdxl] o = polylog[3, e2Arccothlc dx]]
2

3

3 ir 3 3
4b3cf |- +ArcCoth[c+dx]?+ (c+dx) ArcCoth[c +dx]? -

8
3 ArcCoth[c +dx]? Log[1 - e2Arecothicsdx] | _

3
3 ArcCoth[c +dx] Polylog|2, e2Arccothicrdxl] o = polylog[3, e2Arccothlc dx]]
2

Problem 116: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cCoth[c +dx])>dx

Optimal (type 4, 132leaves, 6 steps):
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(a+bAr‘cCoth[c+dx])3 (c+dx) (a+bAr‘cCoth[c+dx})3

+ —

d d
3b <a+bAr‘cCoth[c+dx])ZLog[liidx]
- -
3b? (a+bArcCoth[c+dx]) Polylog[2, 1- —*—] ) 3b°Polylog[3, 1- —* |
d 2d

Result (type 4, 208 leaves):

id 2a} (c+dx) +6a’b (c+dx) ArcCoth[c +d x] +3aszog[1, (C+dx)2] X
2
6ab? (ArcCoth[c+dx] ((-1+c+dx) ArcCoth[c+dx] -2Log[1 - e 2Arccothicedx] ),
PolyLog{zj @-2ArcCoth[c+dx] ]) Lokt | i3
8

(c+dx) ArcCoth[c +dx]? - 3ArcCoth[c +dx]? Log|[1 - e*Arccothlcrdxl ] _

+ArcCoth[c+dx]3+
3

3 ArcCoth[c +d x] PolyLog|2, e?Arccothicsdxl] . = polylog[3, e2Arccothic dx] | J )
2

Problem 117: Unable to integrate problem.

J(a+bAr‘cCoth[c+dx])3
dx

e+fx

Optimal (type 4, 308 leaves, 2 steps):

(a+bArcCoth[c +dx] )3 Log[hidx} (a+bArcCoth[c+dx]) ’ Log| (deji:ﬁt)mdx) )
- P + P +
3b (a+bArcCoth[c+dx])?PolyLog[2, 1- 1+c2+dx}
2f )
3b (a+bArcCoth[c+dx])*Polylog[2, 1- ” e+1€2f1c :*Tﬁudx) ]
2f :
3b% (a+bArcCoth[c+dx]) PolyLog|3, 1- 1+C2+dx}
2f
3b? (a+bArcCoth[c+dx]) PolyLog[3, 1- ” e+1€2f1c fFe)+T1)i>c+dx) ]
2f .
3bPolylog[4, 1- —2—] 3b’Polylog (4, 1- (deﬁff‘c :Tﬁmdx) ]
af ) 4f

Result (type 8, 22leaves):

J(a+bAr‘cCoth[c+dx})3 4
X

e+fx
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Problem 118: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cCo‘ch[c+dx])3
dx

(e+1“x)2

Optimal (type 4, 1089 leaves, 33 steps):

(a+bArcCoth[c+dx])® 3ab®dArcCothlc+dx] Log [ —* ]

_ + 1-c-dx
f (e+fx) f(de+f-cf)
3b3dAr‘cCoth[c+dx]2Log[j} i 3a2bdLlog[l-c-dx] i
2f (de+f-cf) 2f (de+f-cf)
3ab?dArcCoth[c +dx] Log[hidx} ) 6 ab2dArcCoth[c +dx] Log[hidx} )
f(de-f-cf) (de+f-cf) (de- (1+c) )
3b3dAr‘cCoth[c+dx]2Log[1+c2+dx} ) 3b3dAr‘cCoth[c+dx]2Log[hidx]
2f (de-f-cf) (de+f-cf) (de- (1+c) )
3a2bdlog[l+c+dx] 3a?bdLlog[e+fx] 6ab?dArcCoth[c +dx] Log[<deﬂc2i§+jlt)c+dx)]
. _ _
2f (de-f-c¥) £ (de-cf)? (de+f-cf) (de- (1+c) )
3b3dArcCoth[c +dx]2 Log[ (de+:(jci=j+::1t)c+dx> ] ) 3ab2d PolyLog[Z, _ ﬁ]
(de+f-cf) (de- (1+c) ) 2f (de+f-cf)
3b> d ArcCoth[c + dx] Polylog[2, 1~ —*—] ) 3ab?dPolylog[2, 1- | )
2f (de+f-cf) 2f (de-f-cf)
3ab?dPolylog[2, 1- —*—| ) 3b® dArcCoth(c + dx] Polylog[2, 1~ —*—| )
(de+f-cf) (de- (1+c) f) 2f (de-f-cf)
3b*dArcCoth[c+dx] PolyLog[2, 1 - 1+c2+dx] 3ab2dPolylog[2, 1- ﬁm}
+
(de+f-cf) (de- (1+c) f) (de+f-cf) (de- (1+c) f)
3b3dArcCoth[c +dx] PolylLog[2, 1- 2d e fx : ]

(de+f-cf) (1l+c+dx

(de+f-cf) (de- (1+c) f)
3b3dPolylog[3, 1- —>—] 3b3dPolylog[3, 1- —*—]

1-c-dx N 1+c+d x _
4f (de+f-cf) 4f (de-f-cf)
3 5 3 _ 2d (e+fx)
3b%d POlyLng: 1- 1+c+dx} 3b°d PolyLog{B, 1 (de+f-cf) (1+c+dx) ]

2(def cf) (de- (1:c)f)  2(de<f cf) (de (1+c)F]

Result (type 4, 1816 leaves):
a3 3a2bArcCoth[c+dx] 3a?bdLlog[l-c-dx]
- +
f(e+fx) f e+ fx) 2f (-de-f+cf)
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3abdLlog[l+c+dx] 3a’bdlogle+ fx]
- +
2f (-de+f+cf) d?e?-2cdef-f2+c2f?
2
1 f de-cf
73ab2(1—(c+dx>2) +
df <e+1‘:x)2 1 1
1- —— (c+dx) 1-
(c+dx)? (c+dx)?
Ar‘cTanh{fi} 2 2
e derctl ArcCoth[c +d X] ArcCoth[c +d x]
+ +
'FZ
(—de+c-F) 1—m (C+dX) 1-_ 1 f . de-cf
(c+dx)? i 1
1- 3 (c+d x) 1-——
(c+dx) (c+dx)

1 f
f |imArcCoth[c +dx] +2ArcCoth[c +dx] ArcTanh|[ ————|
d?e?-2cdef+ (-1+c?) f2 de-cf

i 7t Log |1 + e2Arecothicrdxl] , 3 ApcCoth[c +dx] Log[l-e™” (Arccothc+dx] +ArcTanh | T ]| ] -

£

ArcCoth[c+d x] +ArcTanh[m” } fi Log [

2Ar‘cTanh[ﬁ] Log[l - e’z(
-de+c

f f
rclann| —— 0og |1 51n rcCo c+dXx] +Arclann| ——— -
2 ArcTanh| | Log[1i Sinh[ArcCoth[c +dx] +ArcTanh| 1]

-de+cof de-cf
PolyLog[Z, e—z (Ar‘cCoth[c+dx]+Ar‘cTanh{d:ﬁ})] .
2
;b3(1—(c+dx)2) f N de-cf
d (e+fx)2 1 s
1-—— (c+dx) [1- -
(c+d x) (c+d x)

- Ar‘cCoth[c+dx]3/ f (c+dx)

| 65
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f de cf

1-—1 (c+dx) 1- —1 (c+dx> 1- —1

(c+dx)? (c+dx)?

2deArcCoth[c+dx]3-6FfArcCoth[c+dx]3-
2f (de+f-cf) (de- (1+c) f)

iy d2e2—2cde1‘:+(—1+c2)1‘:2

—Ar‘cTanh{de%f
(de-cf)?

2cfArcCoth[c+dx]®>-4dee

£

—Ar‘cTanh{de{f}f d?e?-2cdef+ (—1+C2> f2

(de-c¥f)?

ArcCoth[c+dx]3+4ce ArcCoth[c+dx]3+

6 1 frArcCoth[c +dx] Log[2] - fArcCoth[c+dx]?Log[64] - 61 frArcCoth[c +dx] Log[

ArcCoth[c+d x] +Ar~cTanhLj f f} ] +
e-c

efAr'cCoth[md x] (eAr‘cCoth[c+d x] ] +6FfArcCoth [C+ d x] 2 Log [1 _e
£

ArcCoth[c+d x]+ArcTanh[de{fH + 6 f ArcCoth [C+ d x] 2

6 f ArcCoth[c+dx]?Log[1+e

ArcCoth [c+d x] +ArcTanh { ﬁ} ) }

Log{l—ez( +12 f ArcCoth[c + d x] ArcTanh |

de-cf

—-ArcCoth[c+d x] —Ar‘cTanh{ﬁ} (_ 1+ (EZ (Ar‘cCoth [c+d X] +Ar‘cTanh{ﬁ} ) ) } +

1
Log[~ie
2
6 f ArcCoth[c + d x]? Log[-e Arecothlcrdx] (d o (-1 + @2ArcCothicrdxl) o (7 4 ¢ 4
1
de- (1+c) f
2Ar~cCoth[c+dx]>> f)}

eZAr'cCoth[c+d x] C eZAr'cCoth[c+d x] ) 'F) ] _6 fArcCoth [C+ d x] 2 Log[

(7d e (71 + e2Ar‘cCoth[c+dx]> + (71 _ eZArcCoth[c+dx]

+C(—1+e +

1
6 i f rArcCoth[c+dx] Log[ ———————] - 6 f ArcCoth[c + d x]?

(c+dx)?

f de cf
Log| - - + | -12f

1- —1 (c+dx) 1 —1t <c+dx) 1- —2

(c+dx)? (c+dx)? (c+dx)?

f f

ArcCoth[c +dx] ArcTanh| ————| Log[1i Sinh[ArcCoth[c +dx] + ArcTanh[ ———]]] +
de-cf de-cf

eAr‘cCoth [c+d x] +Ar‘cTanh[ f

el ] +

12 f ArcCoth[c + d x] Polylog[2, -

ArcCoth[c+d x]JfAlﬂcTanh{d f f} ] +
e-c

12 f ArcCoth[c + d x] Polylog[2, e
.

de,cf”} -6 fArcCoth[c +dx]

ArcCoth[c+d x] +ArcTanh {

6 f ArcCoth[c +d x] PolyLog[Z, e’ (

e2ArcCoth[c+dx] (de+-F—c-F)
de - <1+C> f

ArcCoth[c+d x] +ArcTanh { ﬁ} ]
e-c

ArcCoth[c+d x]+Ar‘cTanh{d J ]
“c _

PolyLog|2, | -12fPolylog|3, -e

ArcCoth[c+d x]+Ar‘cTanh{d f f” } .
e-c

12 f Polylog[3, e -3 fPpolylog|3, e2
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eZAr‘cCoth[mdx] (d e+f-c 'F)

de—(1+c)-F

3 f Polylog|3,

]

Problem 119: Unable to integrate problem.

J(eﬂcx)"‘ (a+bArcCoth[c+dx]) dx

Optimal (type 5, 162 leaves, 6 steps):

(e+fx)¥™ (a+bArcCoth[c+dx]) bd (e + £x)?™Hypergeometric2F1[1, 2 +m, 3 +m, et

+ de-f-cf
-F(1+m) 2-F(de—(1+c)-F) (1+m) (2+m)
bd (e+-Fx)2”" Hypergeometric2F1[1, 2+m, 3 +m, ‘i%ﬂ

2f (de+f-cf) (1+m) (2+m)

Result (type 8, 20leaves):

J(e+fx)m (a+bArcCoth[c+dx]) dx

Problem 123: Unable to integrate problem.

1+cx

dx

1-c2x?

J (a + bAr‘cCo‘ch[@])3

Optimal (type 4, 460 leaves, 9 steps):
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3
2 a+bAr‘cCoth[@]) ArcCoth[1- —*2
1+cx A 1-ex
1-—

\ 1+ex

C

2
3b (a +bAr‘cCoth[@]) PolyLog[2, 1- —2

l+cx

2c¢C

2
3b (a +bAr‘cCoth[@]) Polylog[2, 1 - —2iex

1+cx m [1+\/1—cx ]
 1eex
2c
3b? (a+bArcCoth[@}) Polylog[3, 1- —2—]
A 1+cx 1+\‘/17cx
A 1+cx
N

2c

3 b2 (a+bAr‘cCoth[@}) Polylog|[3, 1- _ 2y iex

1+cx m [1+\/1—cx ]
\ 14ex
2c¢C
3 b3 PolyLog[4, 1 - f ] 3bPolylog[4, 1- %
14 Viex Jirex [1+x1—cx ]
W 1iex ex N
N
4c 4c

Result (type 8, 42 leaves):

J‘ (a + bAr‘cCo‘ch[@])3

1+cx

dx
1-c2x?

Problem 124: Unable to integrate problem.

1+cx

dx

1-c2x?

J (a + bAr‘cCoth[@] )2

Optimal (type 4, 302 leaves, 7 steps):
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2
2 |a+bArcCoth| @] ) ArcCoth[1- —*2
1+cx 1 1-cx
A 1+cx
C
b (a+bArcCoth [ @] ) PolyLog [2, 1- L ]
A/ 1+Cx

1+\/1—cx

\/1+cx

+
C

b

a+bArcCoth| g] ) PolyLog[2, 1 - 2y iex
1l+cx L ex
JTrex mi]

A 1+cx

C

b2 PolylLog[3, 1- —2*—] b?Polylog|[3, 1- 2y iex

1 e m[liw]
A 1+cx N 1rex
+
2¢c 2c

Result (type 8, 42 leaves):

J(a+bAr‘cCoth[@])2

l+cx

dx
1-c?x?
Problem 139: Result more than twice size of optimal antiderivative.
Jx ArcCoth[Tanh[a +bx]]?dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcCoth[Tanh[a+bx]]3 ArcCoth[Tanh[a+bx]]*
3b 12 b?

Result (type 3, 74 leaves):

o latex) (-(3a-bx) (asbx)?+

4 (2a*+abx-b®>x*) ArcCoth[Tanh[a+bx]] -6 (a-bx) ArcCoth[Tanh[a+bx]]?

Problem 150: Result more than twice size of optimal antiderivative.
Jx ArcCoth[Tanh[a+bx]]3dx
Optimal (type 3, 34 leaves, 3 steps):

x ArcCoth[Tanh[a+bx]]* ArcCoth[Tanh[a+bx]]”
ab 20 b?

Result (type 3, 99 leaves):
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1

20 b?
10 (2a*+abx-b®x*) ArcCoth[Tanh[a+bx]]?-10 (a-bx) ArcCoth[Tanh[a +bx]]>

(a+bx) (<4a—bx) (a+bx)3—5 (3a-bx) (a+bx)2Ar‘cCoth[Tanh[a+bx]]+

Problem 205: Result more than twice size of optimal antiderivative.

JAr‘cCoth [c+dTanh[a+bx]] dx

Optimal (type 4, 150leaves, 7 steps):

(17 Cfd) e2a+2bx

1
x ArcCoth[c+dTanh[a+bx]] + — x Log[1 +
2

} _

1-c+d
1 (1+c+d) e2a2bx PolyLog|2, 71_)_1,5,11?:4“} PolyLog|2, 71—)—1*6*1‘1c;e;a‘2bx]
~xLlog[1+ ]+ -
2 1+c-d 4b 4b
Result (type 4, 366 leaves):
x ArcCoth[c+dTanh[a+bx]] +
1 V-1l+c+d e?hbx V-1l+c+d e?bx
— |(a+bx) Log[1- |+ (a+bx) Log[1+ ] -
2b v1-c+d v1i-c+d
Vi d eabx NEl d eabx
(a+bx) Log[1- rerd e | - (a+bx) Log[1+ rere e ]+
V-l-c+d V-1-c+d
a Log[1+c —d+e2@hX) | cg2@bx)  gg2(abx)
a L0g[1+d+ce2 (atbx) _ g g2 (avbx) _ ¢ <1+<e2 (a*bx))] +
AV-1+c+d a+b x /_1 C_d a+ib x
Polylog|[2, - et e | +Polylog|2, rerf e |-
V1-c+d V1-c+d
4/1 c+d a+b x VJ1+c+d a+b x
Polylog|2, - et e | - Polylog|2, et e ]
V-1-c+d V-1-c+d

Problem 210: Result more than twice size of optimal antiderivative.

JAr‘cCoth[1+d +dTanh[a+bx]] dx

Optimal (type 4, 69 leaves, 5 steps):
b x2 PolyLog|2, - (1+d) e2ar2bx

1
+XxArcCoth[1+d+dTanh[a+bx]] - —xLog[1+ (1+d) e?®2Px]
2 2 4b

Result (type 4, 168 leaves):
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1
x ArcCoth[l+d+dTanh[a+bx]] - —
2b

bx [-bx-Log[e®®*+ (1+d) e®®*]| +Log[1-e®*\/-(1+d)e®® |+

Log[1+e”* /- (1+d)e’® | +Log[(2+d) Cosh[a+bx] +dSinh[a+bx1]) +

PolyLog[Z, —ePX /- (1+d) e?? ] +P01yLog[2, ePx . /- <1+d> e?? ])

Problem 215: Result more than twice size of optimal antiderivative.

JAr‘cCoth[lfd -dTanh[a+bx]] dx

Optimal (type 4, 76 leaves, 5steps):

2 Polylog|2, - (1-d) e?2+2bx
bx +xAr‘cC0th[1—d—dTanh[a+bx}]—leog[1+(1—d) e2a:2bx] _ olyLog 2, <b Je }
2 2 4

Result (type 4, 171 leaves):

1
x ArcCoth[l-d-dTanh[a+bx]] - —
2b

bx [-bx-Log[e?®* (-1+ (-1+d)e®@®¥ )] +Log[1-e"*\/(-1+d)e®® |+

+

Log[1+e”*/(-1+d) e?® | +Log[(-2+d) Cosh[a+bx] +dSinh[a+bx]|

PolylLog[2, -€°*./ (-1+d) e*® | + PolyLog[2, €®*+/ (-1 +d) e*? ])

Problem 219: Result more than twice size of optimal antiderivative.

JAr‘cCoth [c+dCoth[a+bx]] dx

Optimal (type 4, 150 leaves, 7 steps):

(1_ C—d) eZa+2bx

1
x ArcCoth[c +dCoth[a+bx]] + foog[l—
2

1-c+d
L Loga. (Lrcrd) @irIve Polylog2, SRR polylog|2, St
2 1+c-d ab i

Result (type 4, 369 leaves):
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x ArcCoth[c +dCoth[a+bx]] -

1 Vo Ticid eabx Vo Ticod eabx
— |- (a+bx) Log|1l- - (a+bx) Log|1+ +
b /
2 -1+c-d V-1+c-d
/ +b A/ +b
(a+bx) Log[1- lrced e X]+(a+bx) Log[1+ lrcvd el X}+
Jitc-d Vi+vc-d

aLOg[1+d—e2 (atbx) | d g2 (a+bx) | (_1+ez (a+bx)” _
a LOg[1+C—<e2 (a+b x) _Cez (a+b x) -d <1+e2 (a+bx))] _

V-1+c+d ebX V-1+c+d e®bx
PolyLog[2, - | - Polylog|2, ]+

A/1 c+d a+b x All c+d a+b x
PolyLog[Z, - rerf e ] +PolyLog[2, trf e }

Problem 224: Result more than twice size of optimal antiderivative.

JAr‘cCoth[ler +dCoth[a+bx]] dx

Optimal (type 4, 69leaves, 5steps):

2 Polylog|2, (1+d) e?@+2bx
bx +xAr‘cC0th[1+d+dCoth[a+bx}]—leog[1—<1+d) e2ar2bx] _ olytog[2, (1+d) e ]

2 2 4b
Result (type 4, 168 leaves):

1
x ArcCoth[l+d+dCoth[a+bx]] - —
2b

bx [-bx-Log[e?®* (-1+ (1+d) e @) ] +Log[1-e"*,/(1+d)e®® |+

+

Log[1+e”* ./ (1+d) e?? | +Log[dCosh[a+bx] + (2+d) Sinh[a+bx]]

PolylLog[2, -€°* ./ (1+d) e*? | + PolyLog[2, e”*/ (1+d) 22 ])

Problem 229: Result more than twice size of optimal antiderivative.

JAr‘cCoth[l—d -dCoth[a+bx]] dx

Optimal (type 4, 76 leaves, 5steps):

2 Polylog|2, (1-d) e?2+2bx
bx +xAr‘cCoth[1—d—dCoth[a+bx1]—leog[l—(l—d) @?2+2bx] _ olytog|2, | L ]

2 2 4b

Result (type 4, 175leaves):
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1
x ArcCoth[l-d-dCoth[a+bx]] - —
2b

bx [-bx-Log[e®®* (1+ (-1+d) e @) ] +Log[1-e"* /- (-1+d)e®® |+

Log[1+e”* /- (-1+d) e®® | +Log[dCosh[a+bx] + (-2+d) Sinh[a+bx1]) +

PolyLog[Z, —ePX /- (—1+d) e?? ] +PolyLog[2, e’* /- (—1+d> e?? ])

Problem 231: Result more than twice size of optimal antiderivative.

J(e +fx)?ArcCoth[Tan[a +bx]] dx

Optimal (type 4, 302 leaves, 12 steps):

(e+fx)*ArcCoth(Tan[a+bx]] i (e+fx)*ArcTan[e?! (a:0%) ]
af ' af .

i (e+fx)’Polylog[2, -ie?t @] j (e+fx)’Polylog[2, ie?! (0]

4b ' 4b '
3f (e+fx)?Polylog[3, -ie?t @®X | 3f (e+fx)?Polylog|3, ie?! (@b ]

8 b2 ) 8 b2 '
31 f2 (e+-Fx) PolyLog[4, -1 e2? (a*bx)} 31 f2 (e+-Fx) PolyLog[4, ie2t (a*b”]

8 b3 i 8 b3 )

33 PolyLog[5, -1 e2! X | 3 f3Ppolylog|s5, ie?! (30X |
+

16 b* 16 b*
Result (type 4, 654 leaves):

1
—x (4’ +6e®fx+4ef? x>+ x>) ArcCoth[Tan[a+bx]] +
4

1

16 b*
8b*ef2x?Log[l-ie* @P¥] 20 x*Log[1-1e? @PX ] 8b%e>xLog[l+1ie?t @PX]
12 b* e? f x? Log[1+ie“(a*bx>] +8b*ef2x3 Log[1+je”<a+bx)} +
2b* 3 x* Log[1+ie?? (@®¥] - 43 b® (e+fx)’PolyLog[2, -ie?* @]
4ib® (e+fx)’Polylog[2, i e?® (¥ ]| .+ 6b2e? fPolylog[3, -1ie?* @]
12b%e f? x Polylog|3, -ie?! (@®X) ] 1 6 b2 f3 x> Polylog|[3, -1 e?* (30X ] _
6 b2 e’ f Polylog|3, i e @ | —12b%e f? x Polylog[3, i e?! (@PX) ] -
6 b? > x? PolyLog[3, i € (**®¥ | + 6 bef?PolylLog[4, -ie?! (@PX)]
6ibf>xPolylog[4, -ie*’ @P¥ ] _6ibef?PolylLog|4, ie?! (@P0X ] -
61ibf>xPolylog[4, ie?! @®¥ ] 3£ polylog|5, -ie?! @®¥ ] +3fPolyLog[5, ie?* (a*b’”])

(—8 b*e*x Log[1-1ie?* @PX ] _12b*e? fx?Log[l-ie’! (@PX] -

Problem 238: Result more than twice size of optimal antiderivative.

JAr‘cCoth[c +dTan[a+bx]] dx

Optimal (type 4, 194 leaves, 7 steps):
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xArcCoth[c+dTan[a+bx]] +
1 (1-c+id)extazibx g (1+c-id)e2ia2ibx
~xLlog[1+ : | - =xLog[1+ : ] -
2 l1-c-1id 2 l+c+1id
. _ 1-c+1d eZna+anx . B 1ic-id EZnafznbx
i Polylog|2, i—)—l—c—jd ] . i PolyLog|2, 1—>—1+cﬂid ]
4b 4b

Result (type 4, 4654 leaves):
x ArcCoth[c+dTan[a+bx]] +

d —aLog[fsec[l (aerx)]2 ((-1+c) Cos[a+bx] +dSin[a+bx])] +
2

aLog[Sec[l (a+bx”2 (Cosfa+bx] +cCos[a+bx]+dSin[a+bx])]+
2

—d+vV1-2c+c2+d?
(a+bx) Log| d+V1-2crcird +Tan[l(a+bx)H+
-1l+c 2
—d+vV1-2c+c2+d?
d+vV1-2c+cc+d +Tan{l(a+bx>H—

(-1+¢) <1+J'1Tan[§ (a+bx)]) | Log]
2

ilog|
“1+c+id-ivV1-2c+c?+d? -1l+c

“1+c) [i+Tan[L (a+bx divI i L2
(-1+c) (i+Tan[2 ( )])]Log[ d x/1_12+C d +Tan[§(a+bx)“+

ilog|-
i-ic-d+V1-2c+c?+d?
Jizc i d
drvi-2c+ci+d +Tan[l(a+bx)H+
2

b L
(a+bx) og| -

~1+¢) (—i+Tan[%(a+bx)]) d+m+Tan[l(a+bX)H—
2

iLog[( | Log|
i-ic+d+V1-2c+c?+d? l1-c
“1+c) [i+Tan[Y (a+bx Ji-2cici-d?
( >< [2( >”}Log[d+ 1-2c+c*+d +Tan[l<a+bx)H—
1-c 2

ilog|
—i+ic+d+V1-2c+c?+d?
\/ﬁ
d+V1+2c+cc+d +Tan[l (a+bx)H—

b L -
(a+bx) Log| - A
1+c) (-i+Tan[L (a+bx Viizeci2id
J'].Log[( )( [2( H)}Log[—dJr 1+2c+c“+d +Tan{l(a+bx)H+
—i-ic+d+V1+2c+c?+d? l+c 2
1+c) (i+Tan[L (a+bx Jii2cscl-d?
( )( [2< )])]Log{—dJr 1+2c+c+d +Tan[l<a+bx)H—
1+c 2

iLog|
i+ic+d+V1+2c+c?+d?
~d+V1+2c+c?+d? +(1+c)Tan[§(a+bx)]}
4

(a+bx) Log|
l1+c

(1+c¢) (1—]‘1Tan[l (a+bx”)
ilog] 2
l+c-id+iV1+2c+c?+d?
—d+V1+2c+c?2+d? + (1+C) Tan[l (a+bx>]
2 | -1iLog|

Log[ 1+cC
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(1+¢) (1+J’1Tan[§(a+bx)])}Log[—d+\/1+2c+c2+d2 +(1+c)Tan[%(a+bx)]]+
1+c+id-iV1+2c+c2+d? l+c
d+rvV1-2c+c2+d? - (—1+c)Tan[l (a+be
i Polylog|2, 2 ] -

i-1c+d+V1-2c+c?+d?
d+vV1-2c+c?2+d? - (—1+c)Tan[§ (a+bx)]

i Polylog|2, ] -

~i+ic+d+V1-2c+c?+d?
-d+vV1-2c+c?2+d? +(—1+c)Tan[§ (a+bx)]

i Polylog|2, ]+

i-i1c-d+V1-2c+c?+d?
~d+V1-2c+c?2+d? +(—1+c)Tan[§ (a+bx>]

—i+ic-d+V1-2c+c?+d?
d+vV1+2c+c?2+d? - (1+c)Tan[§ (a+bx)]

i PolyLog|2, ] +

—i-ic+d+V1+2c+c?+d?

1+2c+c?2+d? - (1+c) Tan[l (a+bx)]
i Polylog|2, ? ] +

i+i1c+d+V1+2c+c?+d?
“d+v1+2c+c?+d? +(1+c)Tan[§(a+be

—i-ic-d+V1+2c+c?+d?
~d+V1+2c+c?+d? +(1+C)Tan{§(a+bx)}

i+ic-d+V1+2c+c?+d?

i Polylog|2,

] _

i Polylog|2,

} _

i PolyLog|2,

(-((2a) /(b (-1+c?+d*-Cos[2 (a+bx)] +c*Cos[2 (a+bx)]|-d*Cos[2 (a+bx)]+
2cdsin|[2 (a+bx)])))+(2(a+bx)) /(b (-1+c*+d*-Cos[2 (a+bx)]+

/

c®Cos[2 (a+bx)] -d*Cos[2 (a+bx)]|+2cdSin[2 (a+bx)])))

B \/ﬁ \/ﬁ

Log[ devil-2c+c+d +Tan[l(a+bx)H+Log[dJr 1-2c+ci+d +Tan[1<a+bx)H—
-1+c 2 1-c 2
\/ﬁ
Log[fdJr 1r2c+ci+d +Tan[l(a+bx)Hf
1+cC 2

—d+\/1+2c+c2+d2+(1+c)Tan[l(a+be

Log| 2 |+
1+cC
Log[ —d+1/ 1+2 c+c?+d? + (1+c) Tan[% (a+bx)} ] Sec[l (a N bX) }2
1+C 2

2(1—1‘1Tan[§ (a+bx>”
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Log[@JrTan[i (a+bX)H Sec[i (aerxH2

-1+cC

+

2(1+iTan[} (a+bx)])

—d+1/ 1+2 c+c?+d? +(1+C)Tan{§(a+bx)w

1+c

2(1+iTan[2 (a+bx)])

Log| ]Sec[%(a+bx”2

+

JiLog[4:d+ 1-2c:c?ed? +Tan[§ (a+bx)]] Sec[i (aerx)]2

1-c

2 (—j+Tan[i (a+bx)])

iLog[—@JrTan[% (a+bx)]] Sec[% (a+bx”2

1+c

2 (—1+Tan[% (a+bx”)

jLog[@+Tan[i (a+bx)]] Sec[i (aerxH2

-1+c

2

1'1+Tan[§ (a+bx)”

iLog[@+Tan[% (a+bx)]] Sec[% (a+bx)]2

+

2 (1'1+Tan[i (a+bx)])

jLog[—@+Tan[i (a+bx)H Sec[i (aerxH2

1+c

+

2 (i+Tan[i (a+bx)])
(a+bx) Sec[% <a+bx)]2

, (gw (a+bx)]

-1+c

(-1+c) (1+]i Tan B— (a+b x) D

~l+c+id-i+/1-2 crc2+d?
—d++/1-2 24d?
2( * Sl +Tan{§(a+bx>]

-1+c

iLog| }Sec[§<a+bx)]2

(-1+c) (J‘L+Tan “— (a+b x) ])

i-i c—d+~/1-2 c+c?+d?
_ { _ 2. 42
2( de1-2crc’+d +Tan[l<a+bx)]
2

-1+c

ilog|- ]Sec[%(a+bx)]2

(a+bx) Sec[i (a+bx”2

2 (4:‘1* 1-2cicted? +Tan[§ (a+bx)]

1-c




Mathematica 11.3 Integration Test Results for 7.4.1 Inverse hyperbolic cotangent functions.nb | 77

(-1+c) [~i+Tan “7 (a+b x) ])

i-i c+d+q/ 1-2 c+c?+d?
[1- 2,42
2 {m 1-2c+c’+d +Tan|[2 (a+bx”)
2

ilog| ]Sec[i(aerx)]2

1-c

(-1+c) (J’HTan“— (a+b x) U

—i+i c+d+r/ 1-2 c+c2+d?
{ B 2,42
2 [d+ 1-2cxc’xd JrTan[l (a+bx)]
2

iLog| }Sec[%(awx)]z

1-c

(a+bx) Sec[i (aerxH2

1+c

2 (_ d+1/1+2 c+c+d? +Tan[§ <a +bX>]

(1+c) (—J’HTan“— (a+b x) U

—i-1 c+d+~/ 1+2 c+c?+d?
d+r/1+2 c+c?+d?
2 [ e +Tan[% (a+bx)]

ilog| }Sec[i(awx)]z

1+c

(1+c) (juTanH (a+b x) } )

i+ c+d+r/ 142 c+c?+d?
1+2 2,42
2[—‘1* 12cicd +Tan[§(a+bx”

i Log| ]Sec{%(a+bx”2

1+c

drv1-2c+c2+d® - (-1+c)Tan[% (a+bx
( ) [2< >]]Sec[l(a+bx)]
i-ic+d+V1-2c+c?+d? 2

(2[d+m—(—l+c)Tan{ ]—

\/

[Ji (-1+c) Log[1-

(a+bx)]

N |

d+\/1—2c+c2+d27(—1+C)Tan[§<a+bx)]
i(-1+c)Log1- Sec[~ (a+bx) | /
—i+ic+d+V1-2c+c?+d? 2
(2 [d+x/1—2c+c2+d2 —(—1+c)Tan[§(a+bx)] ]+
~d+V1-2c+c2+d?® + (-1+c)Tan[2 (a+bx)] 1 R
i(-1+c)Log[1l- 2 }Sec[f(a+bx”/
i-ic-d+vV1-2c+c?+d? 2

(2 [—d+x/1—2c+c2+d2 + (71+C)Tan[§ (a+bx)})) -
7d+m+(fl+c)Tan[l(a+be 1
2 | sec[= (a+bXx) ]|

—i+ic-d+vV1-2c+c?+d? 2

(2 [—d+\/m+ (—1+c)Tan[§ (a+bx)}))—

N/

[Ji (-1+c) Log[1-
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d+1/ 1+2 c+c?+d? - (1+c) Tan“— (a+b x)w
—i-i c+d+r/ 142 c+c2+d?
2 (d+\/1+2c+c2+d2 - (1+C) Tan[% (a+bx>])

din/1+2 c+c?2+d? - (1+c) Tan“— (a+b x)}
i+1 c+d+~/ 142 c+c2+d?
2 (d+\/1+2c+c2+d2 - (1+c) Tan[% (a+bx>])

i (1+c)Log[1- ]Sec[%(a+bx”2

i(1+c)Log[1-

]Sec{% (a+bx”2

(1+¢) (a+bXx) Sec{i (a+bx”2

2 (—d+\/1+2C+C2+d2 + (1+C) Tan[i (a+bx>])

+

(1+c) (1—11 Tan[% (a+b x) ”

1+c-id+i~/1+2 c+c?+d? ~
2 (—d+\/1+2c+c2+d2 + (1+C> Tan{% (a+bx”)

i(l+c) Log | ]Sec[i(aerxHZ

(1+¢) (1+i Tan“— (a+b x) } )

1+c+1id-1+/1+2 c+c?+d? B
2 (—d+\/1+2c+c2+d2 + <1+C> Tan[i (a+bXH)

—d++/ 142 c+c?+d? + (1+C) Tan{% (a+b X)]
—i-i c-d+/ 1+2 c+c?+d?
2 (—d+\/1+2c+c2+d2 + <1+C> Tan[l (a+bXH)
2

“di[12crctd « (140 Tan[ 2 (@b |
]i+ic—d+\/m
2 (-d+iz2crc?rd + (1+c) Tan[ (a+bx)])

i(1+c) Log| ]Sec[i(a+bx”2

i(1+c) Log[1- }Sec[%(awx)]z

i(1+c) Log[l-

}Sec[% (a+bx)]2

7Sec[1 (a+bx)]2 (dCosfa+bx] - (-1+c)Sin[a+bx]) -

2 1/

aCos[i (a+bx)]2

Sec[l (aerxH2 ((-1+c) Cos[a+bx] +dSin[a+bx]) Tan[1 (a+bx)]
2 2

((-1+c) Cos[a+bx]+dSin[a+bx]) +

2 1 2 . .
aCos[E(a+bx>] Sec[g(a+bx)] (dCos[a+bx] -Sin[a+bx] -cSin[a+bx]) +
1 2 1
Sec|~ (a+bx” (Cosfa+bx] +cCos[a+bx] +dSin[a+bx]) Tan[g <a+bx)] )/
2

(Cosfa+bx] +cCos[a+bx] +dSin[a+bx])

Problem 248: Result more than twice size of optimal antiderivative.
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J(e +fx) * ArcCoth[Cot[a +bx]] dx

Optimal (type 4, 302 leaves, 12 steps):
(e+fx)*ArcCoth[Cot[a+bx]] i (e+fx)*ArcTan[e?! (a:0%]

+ —

4f 4f
i (e+fx)’Polylog[2, -ie?t @] i (e+fx)’Polylog[2, ie?t (3]
4b ' 4b '
3f <e+-Fx)2PolyLog[3, -1 @2t (abx) ] ) 3f (e+-Fx)2PolyLog[3, ie?t(@bx] .
8 b? 8 b?
3if? (e+fx) Polylog[4, -ie?l (@b | 3] f2 (e+fx) Polylog[4, ie?! (30X |
8 b3 i 8 b3 )
33 PolyLog[5, -1 e2! X | 3 f3polylog|5, i e?! (30X |
16 b* : 16 b*

Result (type 4, 654 leaves):

1
—x (4e’+6e*fx+4ef x>+ x*) ArcCoth[Cot[a+bx]] +
4

1

16 b*
8b*ef2x®Log[1-1ie?! (¥ ] _2b*f3x* Log[1-1ie?! (@] +8b*e’xLog[l+ie?! (0¥ ]
12b*e? fx? Log[1+1ie?* @PX ] 1 8b*ef2 x> Log[1l+1e?® (@PX]
2b* £ x* Log[1+ie?? (@®¥] - 4ib® (e+fx)’PolyLog[2, -ie?* @]+
4ib® (e+fx)’Polylog[2, i e?! (¥ ]| .+ 6b?e? fPolylog[3, -1ie?* @]
12b%e 2 x Polylog|3, -ie?® (@®X) ] . 6 b f3 x> Polylog|[3, -1 e?* (30X ] _

6 b? e? f Polylog|3, i e?! @] —12b%e f2x PolylLog|3, i e?* @x | -
6 b? > x? PolyLog[3, i € (@*®¥ | 1 6i bef?PolylLog[4, -ie?! (@PX)]
61ibf>xPolyLog[4, -ie?! (@] _6ibef?Polylog[4, i e’ (@PX)] -
61ibf>xPolyLog[4, ie?® @®¥ | _3f3polylog[5, -1e?’ @], 3fpPolyLog[5, ie?* <a+bX>])

(-8b*e’xLog[1-ie?! P ] —12p%e? fx?Log[1-ie?! @] -

Problem 255: Result more than twice size of optimal antiderivative.

JAr‘cCoth[c +dCot[a+bx]] dx

Optimal (type 4, 194 leaves, 7 steps):
x ArcCoth[c+dCot[a+bx]] +

l (1—C—Jld> e2iar2ibx E <1+C+J'1d> e2iar2ibx
xLog[l— - xLog[l— ]—
2 l1-c+1id 2 l+c-1id
. 1-c-id eZna\Zibx . licsid eZﬁa»Zibx
i PolyLog[Z, l—)—l—mid ] . JlPolyLog[z, 1—>—1+c7jd ]
4b 4b

Result (type 4, 4463 leaves):
x ArcCoth[c+dCot[a+bx]] -

d [aLlog|-Sec]| (a+bx)]2 (dCosfa+bx] + (-1+c)Sinfa+bx])] -

N R
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1 2
alog[-Sec|~ (a+bx)] (dCos[a+bx] +Sin[a+bx] +cSin[a+bx])] -
2

_ _ 2 2
l1+c+V1-2c+c4+d +Tan[l (a+bX>H7

d 2

d(-i+Tan[ (a+bx)]] diciVi2caid

(a+bx) Log|-

ilog] | Log| - +Tan[1(a+bx)]]+
-l+c-id+V1-2c+c?+d? d 2
d(i+Tan[Y (a+bx B Ji-2cicisd
]'lLOg[ ( [2< )]) ]Log[— l+c+V1-2c+cc+d +Tan[1(a+bx)]]+
~1+c+1id+V1-2c+c?+d? d 2
\/ﬁ
(a+bx) Log[71+c+ 1+d2c+c +d +Tan[1(a+bx)]]+
2
d(-i+Tan|[Y (a+bx \/ﬁ
]'lLOg[ ( [2< )]) ]Log[—1+c+ 1+2c+c*+d +Tan[1(a+bx)]]f
l+c-1d+V1+2c+c?+d? d 2
d(i+Tan[Y (a+bx \/ﬁ
]'lLOg[ ( [2( )]) Og[—1+c+ 1+2c+c*+d +Tan[1(a+bx)]]f
l+c+id+V1+2c+c?2+d? d 2
1-c+V1-2c+c2+d* +dTan[> (a+bx)]
(a+bx) Log| p 2 ] -
d<fj+Tan[l(a+be) 1-c+V1-2c+c2+d* +dTan[2 (a+bx)]
ilog|- 2 | Log| 2 |+
1-c+id+V1-2c+c?+d? d
d(i+Tan[l(a+bx)]) 1-c+V1-2c+c2+d® +dTan[> (a+bx)]
ilog[- 2 | Log]| 2 |+
1-c-id+V1-2c+c?+d? d
-1-c+V1+2c+c?+d? +dTan[2 (a+bX)]
(a+bx) Log| y 2 |+
d(—i+Tan[l(a+be) -1-c+V1+2c+c?+d? +dTan[2 (a+bX)]
ilog|- 2 | Log| 2 ] -
~1l-c+id+V1+2c+c?+d? d
d(j+Tan[i(a+be) “1-c+V1+2c+c2+d? +dTan[i<a+bx)]
ilog|- | Log| ] -
-1-c-i1d+V1+2c+c?+d? d
-1+c+V/1-2c+c?+d? -dTan[2 (a+bX)]
i Polylog|2, 2 |+

~1l+c-1d+V1-2c+c?2+d?

~l+c+V1-2c+c?+d? -dTan[? (a+bx) ]
i PolyLog|2, : -

-1+c+1id+V1-2c+c?+d?
1+c-vV1+2c+c2+d? —dTan[i (a+bx”

i PolyLog[Z, ] *

l+c+id-V1+2c+c?+d?
l+c+vV1+2c+c?+d? —dTan{% (a+bx”

i Polylog|2, ] -

l+c-id+V1+2c+c?+d?
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l+c+V1+2c+c?2+d? —dTan[% (a+bx”

i Polylog|2, J +
l+c+id+V1+2c+c?2+d?
1-c+V1-2c+c2+d* +dTan[> (a+bx)]
iPolylog|2, 2 ] -

l1-c-i1d+vV1-2c+c?+d?

1-c+V1-2c+c2+d* +dTan[> (a+bx)]
i PolyLog|2, 2 ]+

l-c+id+V1-2c+c?+d?
-1-c+V1+2c+c?+d? +dTan[l (a+bx)]
: ]

~1-c+1d+V1+2c+c?+d?

((2a) /(b (1-c®-d*-Cos[2 (a+bx)]+c*Cos[2 (a+bx)]|-d?Cos[2 (a+bx)] -
2cdsin[2 (a+bx)]))-(2(a+bx)) /(b (1-c>-d*-Cos[2 (a+bX)]|+

i PolyLog[Z,

c®Cos[2 (a+bx)] -d*Cos[2 (a+bx)]|-2cdsSin[2 (a+bx>])))]/

~1+c+V1-2c+c?+d?

1
- Log|- Tan[= (a+b
og| y +an[2(a+ X)H+
l+c+V1+2c+c2+d? 1
Log| - +Tan[= (a+bx)]] -
d 2
1-c+V1-2c+c2+d? +dTan[l (a+bx”
Log[ 2 ]+
d
-1-c+V1+2c+c?+d? +dTan[2 (a+bX)]
2
Log| |-
d
jLog[—@+Tan[i (a+bx)]] Sec[i (a+bx)]2
N
2 (—j+Tan[% (a+bx)])

i Log[—Lc+ Le2coched +Tan[> (a+bx)]] sec[ (a+bx)]?

d

2 (—11+Tan[% (a+bx)”

1-c+/1-2 c+c?+d? +d Tan[i— (a+b x) }

iLog| y ]Sec[i (aerxH2
n
2(7]‘1+Tan[§ (a+bx)])
i Log[—lfCH 1+2C+c2+dj1 +dTan{£(a+bx)]} Sec[% <a+ bx> ]2

+

2 (—11+Tan[% (a+bx)”
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i Log}LhG 1-2c:c?rd? +Tan[§ (a+bx)]] Sec[i (aerx)]2

d

2 (1’1+Tan[§ (a+bx)])

i Log[—éE L2crcted® +Tan[§ (a+bx)]] Sec[% (a+bx)]2

d

+

2 (i+Tan[i (a+bx)])

1-c++/1-2 c+c?+d? +d Tan[% (a+b x) }

d

iLog| ]Sec[i(aerxHZ

2 (11+Tan[§ (a+bx)”

~1-c+1/ 1+2 c+c?+d? +d Tan {% (a+b x) ]

d

2 (j+Tan[i (a+bx)])

iLog| ]Sec[%(a+bx>]2

(a+bx) Sec[i (aerx)]2

2 (_MJrTanE (a+bx)}

d

d (—J‘HTan“— (a+b x) U

~1+c-1i d+~/ 1-2 c+c?+d?

ilog| }Sec[i(awx)]z

+
2 [ —1l+c+n 1::|ZC+C2+d2 +Tan[i (aerX)}J
) 1
]]_Log[ d(1+Tan{;(a+bx)]) } Sec[l <a+bx>]2
—1+c+1 d+r/1-2 c+c?+d? 2
+
> (_ 71+c+3{17dzc+c2+d2 +Tan[§ (a + bXH
, d (—1'1+Tan[i—(a+bx)” 1 2
(a+bx) Sec[i(aerxHZ i Log| Jsec| (a+bx)]

1+c-1 d+a/ 142 c+c?+d?

+

2 [_ 1+C+3[1+2C+C2+d2 +Tan[% (a + bX) ]

d

R Tl

d

d (I‘L+Tan“— (a+b X)H

1+c+1 d+r/ 1+2 c+c2+d?
1+c+q/1+2 c+c2+d?
2[ eSAVELP RS +Tan[i(a+bx)]

d

ilog| ]Sec[%(a+bx”2

~1+c+~/1-2 c+c?+d? -d Tan“— (a+b x) w
~1+c-i d+~/ 1-2 c+c?+d?
2 (71+C+\/172C+c2+d2 —dTan[i (a+bx)])

idlog[1- ]SeCE(anbXHZ
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~1+c+/1-2 c+c?+d? -dTan “— (a+b x) w
—1+c+i d+r/ 1-2 c+c?+d?

idLog[1l- ]Sec[%(a+bx”2

2(-1+ceV1-2cec?ed® ~dTan[? (a+bx)]]

1+c-+/ 1+2 c+c?+d? -d Tan[% (a+b x) w
1+c+i d-v/ 142 c+c?+d?

idlog[l- }Sec[%(awx)]z

2(1+C7\/1+2C+C2+d2 —dTan[§<a+bx)])

1+c+q/ 1+2 c+c?+d? —d Tan[% (a+b X)w
1+c-1i d+1/ 142 c+c?+d?

idlog[1l- }Sec[%(awx)]z

2(1+c+\/1+2c+c2+d2 —dTan[i<a+bx)])

1+c+r/ 1+2 c+c?+d? -d Tan[% (a+b x)}
1+c+1 d+r/ 142 c+c2+d?
2 (1+c+\/1+2c+c2+d2 —dTan[i <a+bx>])

idLog[1l- }Sec[i(aerx)]z

d (a+bx) Sec[% (a+bx>]2

2 (1—c+\/1—2c+c2+d2 +dTan[i (a+bx)])

d (—J‘HTan“— (a+b X)H

1-c+i d+v/ 1-2 c+c?+d?

2 (1—c+\/1—2c+c2+d2 +dTan[® (a+bx)])
2

idLog|- }Sec[i(a+bx)]2

+

d (1'1+Tan“— (a+bx)”
1-c-i d+v/1-2 c+c?+d?
2 (17C+\/172C+C2+d2 +dTan[i (a+bx)])

1-c+~/1-2 c+c?+d? +d Tan[% (a+b x)}
1-c-1id+/1-2 c+c?+d?
2 (17c+\/172c+c2+d2 +dTan[§ <a+bx)])

idLog|- }Sec[%(awx)]z

idLog[1l- }Sec[i<a+bx)]2

1*C+m+<ﬂan[§ (a+bx) |
2 (1-ciVi 2c @ caTan[E (asbx)]]

]’ldLOg[lf }Sec[i(a+bx)]2

d(a+bx) Sec[% <a+bx)]2

2(717c+\/1+2c+c2+d2 +dTan[2 (a+bx)”

2

+

d (—J'HTan“— (a+bx)”
~1-c+i d+a/ 1+2 c+c?+d?
2 (717c+\/1+2c+c2+d2 +dTan[i (a+bx)”

idLlog|- ]Sec[%(a+bx”2
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d (J’HTanP— (a+bx)”
—1-c-i d+~/ 1+2 c+c?+d? B
2 (—1—c+\/1+2c+c2+d2 +dTan[? (a+bx)”

2

idLog|- ]Sec[i(aerxHZ

—1-c+~/1+2 c+c?+d? +d Tan[% (a+b x)w
—1-c+1 d+~/ 1+2 c+c?+d?
2 2 1
2 (71—C+\/1+2C+C +d +dTan[E (a+bx)])

idlog[l- ]Sec{%(a+bx”2

-Sec]| (aerx)]2 ((-1+c) Cosfa+bx] -dSin[a+bx]) -

|/

1 2
-Sec[~ (a+bx)]" (Cos[a+bx] +cCos[a+bx] -dSin[a+bx]) -
2

|/

aCos[% (a+bx>]2

N |

Sec[l (aerxH2 (dCos[a+bx] + (-1+c)Sin[a+bx]) Tan[1 (a+bx) ]
2 2

(dCos[a+bx] + (-1+c)Sinfa+bx]) +

aCos[i (a+bx>]2

1 2 . . 1
Sec[~ (a+bx)]|" (dCos[a+bx] +Sin[a+bx] +cSinfa+bx]) Tan[~ (a+bx) |
2 2

(dCos[a+bx] +Sin[a+bx] +cSin[a+bx])

Problem 265: Result unnecessarily involves higher level functions.

J(a+bAr‘cCoth[c x"]) (d+elLog[fx"]) 5
X

X
Optimal (type 4, 160 leaves, 11 steps):

aelog[fx"]2 deolyLog[Z, —X?}
adLlog[x] + + +
2m 2n

be Log[fx"] PolyLog|2, 7"7} ) bdPolyLog|2, XT]

2n 2n
belog[fx"] PolyLog[Z, XT"] bemPolyLog[BJ —chn} bemPolyLog[3, ch"}

4 _
2n 2 n? 2 n?

Result (type 5, 131 leaves):
b c em x" HypergeometricPFQ[{>, %, %, 1}, {i, i, i}, c2 x2n|

2

21}

(a+bArcCoth[c x"| - bArcTanh|cx"]) Log[x] (emLog[x] -2 <d+eLog[Fx"‘”)

1
2
n

bcx" Hyper‘geometr‘icPFQ[{l, E i, i}, c?x2"| (d+eLog[fx"]) -

2 2 2 2
)

N |



Mathematica 11.3 Integration Test Results for 7.4.1 Inverse hyperbolic cotangent functions.nb | 85

Problem 269: Unable to integrate problem.

J(a+ bArcCoth[cx]) (d+elog[1-c?x?]) i

X
Optimal (type 4, 381 leaves, 21 steps):

1 1 .2 1 1 1 ;2 1
-~belog[1+—] Log[-—]+ ~belog[1- —] Log[—| +adLog[x] -
2 cX cX 2 cX c X

c+t c+t

*] PolylLog|2, “] +belog[1- i] Polylog|2, 1- i} +
c c cx cx

beLog|

lbC|F’°1)/|-0g[2: *i} + 1beLog[fc2 x?] PolyLog|2, 7i] -
2 CcX 2 cX

lbe Log[1 - i} +Log|[1+ i} +Log[-c?x?| - Log[1 - c? xz}) PolyLog|2, 7L] -
2 cX cX C X
ldeolyLog[Z, i] - lbeLog[—c2 x?| PolyLog|2, i} +

2 cX 2 cX

1 1 1 1
~be |log[l- —] +Log[1+ —] +Log[-c?x*] - Log[1-c? xz}) PolyLog[2, — ] -
2 cX cX cX

1 C-%—l

—aePolylog[2, c?x?| +bePolyLog|3, =] -
c

N

1 1 1
bePolylog[3, 1- — | +bePolylog[3, - — | -bePolylog[3, —]
cx cx cx

Result (type 8, 29leaves):

J(a+bAr‘cCoth[cx]) (d+eLlog[1-c?x?]) 4
%
X

Problem 275: Result more than twice size of optimal antiderivative.

J(a+ bArcCoth[cx]) (d+elog[1-c?x?]) ix

x2

Optimal (type 4, 105leaves, 6 steps):

ce (a+bArcCoth[cx])?

(a+bArcCoth[cx]) (d+elog[1-c?x?])
b X

1 2.2 1 1 1

2bc(d+eLog[1—c x})Log[l—licZXz]—2bcePolyLog[2, e

+

Result (type 4, 332leaves):
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1
-— |4ad+4bdArcCoth[cx] +4bcexArcCoth[cx]?+

4 x
1 2 1 2
8acexArcTanh[cx] -4bcdxLog[x] —bcexLog[——+x] —bcexLog[—+x] -
c c
1 1
2bcexlog[~+x| Log[~ (1-cx)|+4bcexLlog[x] Log[1l-cx] -
C 2
1 1
2bcexlog[-—+x] Log[ = (1+cx)]+4bcexlog[x] Log[1l+cCx] +

c 2
4aelog|l-c?x?| +2bcdxlog[l-c?x?| +4beArcCoth[cx] Log|[l-c?x?| -

4bcexLlog(x] Log[1-c?x?] +2bcexLog[—l+x] Log[1-c?x?] +
c

1
2bcexLlog[~+x] Log[1-c?x?] +4bcexPolylog[2, -~cx] +4bcexPolylog[2, cX] -
c
1 cx
2bcexPolyLog[2, - - 7} —2bcexPolyLog[2,

S5 (1+cx”

N |

Problem 276: Result more than twice size of optimal antiderivative.

J(a+bAr~cCoth[c x]) (d+elog[1-c?x?]) i

X4
Optimal (type 4, 197 leaves, 15 steps):

2c?e (a+bArcCoth[cx]) c?e (a+bArcCoth[cx])?

3 X 3b
bc(1-c2x?) (d+elog[1-c2x?]) (a+bArcCoth[cx]) (d+eLlog[l-c?x?])

- +

6 x?2 3x3
]

1 1, 5 1
— | -—bc ePolyLog{Z, s
1-c2x? 6 1-c?x?

1
-bcelog[x] + ~bclelog[l-c?x?| -
3

lbc3 (d+elog[1-c?x*|) Log[1-
6

Result (type 4, 457 leaves):
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1| 2ad bcd 4ac’e 2bdArcCoth[cx] 4bc?eArcCothcx] 3 5
— |- - + - + -2bc’eArcCoth[cx]“ -
6 x3 X2 X x3 X
1
4ac®eArcTanh[cx] -4bc*elog[—————] +2bc®dLlog[x] -2bc?elog[x] +
1
Ty

1bci‘eLog[—l+x}2+lbc3‘eLog[1+x]2+bc3‘eLog[1+x] Log[l (1-cx)] -
2 C 2 C C 2
2bc3elog[x] Log[l-cx] +bc3eLog[71+x] Log[1 (1+cx)] -

C 2

2aelog|l-c?x?
2bcelogx] Log[l+cx] -bc*dlog[l-c?x*] +bcelog[l-c?x?] - g[3 ] -
X

bcelog|l-c?x? 2beArcCoth[cx] Log|1-c?x?
[ } - ; [ ] +2bc?elog[x] Log[1-c?x?| -
X

x2

bc3eLog[—1+x] Log[1 - c?x?] —bc3eLog[1+x] Log[1-c?x?] -2bc®ePolylog[2, -cX] -
c c

1 cx 1
2bc?ePolylog[2, cx] +bc®ePolylog[2, —- ] +bc®ePolylog[2, = (1+cx) ]
2 2 2
Problem 277: Unable to integrate problem.
(a+bArcCoth[cx]) (d+eLlog[l-c?x?])
J S dx
Optimal (type 4, 256 leaves, 24 steps):
7bcle 2c?e (a+bArcCoth[cx]) 2c*e(a+bArcCoth[cx]) ce (a+bAr‘cCo1:h[cx1)2
+ + - -
60 x? 15 x3 5 x 5b

bc (d+elog[l-c2x?])

Ebcf’eLog[x} +Ebc5eLog[1—c2x2} -
6 60 20 x*
b (1-c?x?) (d+elog[1-c?x?]) (a+bArcCoth[cx]) (d+elog[1l-c2x?])

- +

10 x?2 5 x5
]

1 1 1 !
b5 (drelogl1-c2x?]) Logl1- ———] - —pbcSePolylog|2, ———
> c® (d+eLog[1-c?x?]) Log| 1—c2x2} o e Oyog[)l_czxz

Result (type 8, 29leaves):

J(a+ bArcCoth[cx]) (d+elog[1-c2x?]) ix

X6

Problem 278: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

Jx (a+bArcCoth[cx]) (d+eLog|[f+gx?])dx

Optimal (type 4, 512 leaves, 22 steps):

b (d-
(d-e) X bex+£dxz (a+bArcCoth[cx]) -

2c c 2

Ve x
1 be~/f ArcTan| WX} b (d-e) ArcTanh[c x]
—ex* (a+bArcCoth[cx]) + - _
2 C\E 2C2

2 2¢ [V-F Vg ¥
be (c2f+g) ArcTanh[c x] LOg[lfcx} be (c?f+g) ArcTanh[c x] Log| VT e

+
ng zczg
ZC(\/TH/EX)

be (c?f+g) ArcTanh[c x] Log| [eVTF g ) (2ecx)

+

2c’g

bexLog|[f+gx?] e (f+gx?) (a+bArcCoth[cx]) Log|f+gx?]
+

2c 2g
be (c2f+g) ArcTanh[cx] Log[f+gx?| be (c?f+g) Polylog[2, 1- 1+25X]
. _
2c?g 2c?g
) - ZC(\/T—\/EX) ) B ZC(\/TM/EX)
be (c?f+g) Polylog|2, 1 (T e | be(c?f+g)Polylog|2, 1 (i) rem ]
4c’g 4c’g

Result (type 4, 1128 leaves):

; 2bcdgx-6bcegx+2ac’idgx?*-2ac’egx®-2bdgArcCoth[cx] +
4c2g

2begArcCoth[cx] +2bc?dgx?ArcCoth[cx] -2bc?egx?ArcCoth[cx] +

4bce\/?\/EAr‘cTan[\/Ex} —4Jibc2efAr‘cSin[\/2T] Ar‘cTanh[L} -
\/? ccf+g mx

| ArcTanh| L} -

A -c2fg x
4bc?efArcCothlcx] Log[1 - e 2Arccothlex)|

g
c?f+g

4ibegArcSin|

4begArcCothcx] Log[1- e 2ArCcothlcxl] ;2 pc? e fArcCothlcx] Log| ;
ccf+g

eszrcCoth[cx] (CZ (71+e2ArcCoth[cx]) _F+g+(EZArcCoth[cx] g72 ,7C2'Fg )] +2begAr‘cCoth[cx]

e—ZAr‘cCoth[cx] [CZ (71+ e2Ar‘cCoth[cx]> f+g+ eZAr'cCoth[cx] g- 2 '*CZ'Fg )} _

Lo
g[CZ'FJrg
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1
2ibc?efArcSin| & | Log] e
c2f+g c2f+g

c? (71+e2ArcCoth[cx]>.F+g+e2Ar‘cCoth[cx]g72 ’—czfg)}—ZjbegArcSin[ | g }

c2f+g

-2 ArcCoth[cx]

Log[ e—ZAr‘cCoth[cx] [CZ (_1+62APcCoth[cx]> .F+g+e2Ar‘cCoth[cx] g_2 ,—CZ'Fg )} N
c’f+g
1
2bc?efArcCoth[cx] Log|
c2f+g

e—ZAr‘cCoth[cx] (CZ (71+e2Ar‘cCoth[cx]) _f:+g+e2Ar‘cCoth[cx] g+2 /7C2fg ]] +2begAr‘cCoth[cx]

e—ZAr‘cCoth[cx] [CZ (_1+62Ar‘cCoth[cx]> .F+g+e2Ar‘cCoth[cx] g+2 ,—CZ'Fg )} +
c’f+g

1
2ibc’ef Ar‘cSin[ g } Log[ @-2ArcCothlcx]
ctf+g c2f+g

(CZ (_1+(62Ar-cCoth[cx]> .|:+g+(EZAr‘cCoth[cx] g+2 ’—cZ'Fg )} +21'1begAr‘cSin[ - g
ccf+g

Log|

Log[c2f+ge72Ar‘cCoth[cx] [CZ (71+e2Ar'cCoth[cx]> .F+g+e2ArcCoth[cx] g+2 ’7C2'Fg )} +

2ac’eflog|[f+gx®| +2bcegxlog[f+gx?]| +2ac’egx®Log|[f+gx?] -
2begArcCoth[cx] Log[f+gx?]| +2bc?egx®ArcCoth[cx] Log[f +gx?] +
2be (*f+g) Polylog|2, e 2Arccothicx] | _

e—ZAr‘cCoth[cx] (szngrZ '7CZFgJ

be (c*f+g) PolyLog|2,

] -

c2f+g
e—ZAr‘cCoth[cx] (—c2f+g+2 '—cz'Fg )
bc?efPolylog|2, - ] -
c2f+g
e—zArcCoth[cx] (—C2f+g+2 ,—CZ‘Fg ]
begPolylog|2, - ]
c2f+g

Problem 279: Result more than twice size of optimal antiderivative.

J(a+bAr‘cCoth[c x]) (d+elog[f+gx?]) dx

Optimal (type 4, 546 leaves, 38 steps):
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2ae\/?Ar'cTan[3%—x} be\/?Ar*cTan[g}—x] Log[1 - i]

-2aex-2bexArcCoth[cx] + - +
Ve Ve
N Vg x i 2/f Vg (1-cx)
be\/?Ar‘cTan[%] Log[1 + i] be~/f ArcTan| - | Log| T (ij@x)]
+ _
Ve Ve
b f ArcT Vg x L 2~ f /g (1+cx)
e/f Arc an[ﬁ] og[(jc\/TJr\/E)(\/?ﬂi\/EX)] beLog[l—czxz]
- +
Ve c
bLog[—(—H ;ﬁxz | (d+elLog|[f+gx?])
x (a+bArcCoth[cx]) (d+eLog|[f+gx?]) + g +
2c
? (frgx? i be+/f PolylLog|[2, 1 2y ve (1ex)
bePolyLog[Z, L{E%L] ) 1 e\/7 oly Og[ + (jcﬁ,\/g) (W,iJEX)] )
2c¢ 2g
i be~/f PolylLog[2, 1- 2.7 e dex
iben/f PolyLog| (i cvF e | (\/Tfj\/gx)}
2+/g

Result (type 4, 1287 leaves):
2ae\/?Ar‘cTan[%} ) bd Log[l—czxz}

Ve 2c

Log[l -c? xz]

adx-2aex+bdxArcCoth[cx] + +

aexlog[f+gx?| +be |xArcCoth[cx] + Log[f +gx?] +

2c¢C

1 1
—be |-4cxArcCoth[cx] +4 Log| |+
2c
c 1—c21X2 X
2 /2.[:
1\/C2‘Fg —ZJiArcCos[c f g]Ar‘cTan[ cTE | +4ArcCoth[cx] ArcTan[i]f

g c2f+g cgx /czfg

. . 1
21g(1c2f+«/c2fg (—1+C—X)
@reg)for 2R

cX

2¢ 2
ArcCos | cf g} +2ArcTan|
c?f+g

(g}
-+
oQ

] -

Log|

cgx
2 ¢ [c2 f
< f g}—ZAr‘cTan[ e
c?f+g cgx

Zg[c2f+jm) (1 clx)}
(c2f+g) (g+@J

cX

ArcCos | Log|
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2. £ / 2 f
Ar‘cCos[C f g} +2 |ArcTan| cTE ] +Ar‘cTan[&}
c2f+g cgx liczfg

Log A2 e—Ar‘cCoth[c x] ./ CZ f g

[ I+
Jc2f+g \/7c2f+g+ (c2f +g) Cosh[2ArcCoth[c x] ]

2. £ / 2 f
ArcCos | f g} -2 |ArcTan| T8 ] +Ar‘cTan[&}
c2f+g cgx /7c2-Fg

] [ \/?(eAr‘cCoth[c x] m
og
i frg \/7C2f+g+ (c?f+g) Cosh[2ArcCoth[cx]]

[—c2f+g+21ﬁ) [g@J

} +

CX

(c2f.g) [g@]

i [-PolyLog|2,

e
(c2f7g+2]1\/Q) [jg+@)
(c2fg) (jg+@)

CX

Polylog|2,

] -

1| [~tog[-2ex] - Log[%x] + Log[1- c?xt] | Log[F g7
—beg < < .
C 2g

Log[ - 1+ x] Log[1 - “=L] . polyLog[2, L
C ﬂiﬁ’vfg RNV
2g +
Log[-* +x] Log[1- M] +Polylog|2, @;ﬂ]
c ]1\?,@ iﬁ,ﬁ
2g +
Log[l+x] LOg[l_ M] +P01yLog[2, M]
c ,jm/?Jr% —1‘1\/?+@

+

2g
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Log[f+x] Log[l— M} +PolyLog[2, M}

i\F-ﬁ-Q ]'1\/?4_&
2g

Problem 281: Result more than twice size of optimal antiderivative.

J(a+bAr'cCoth[cx]) (d+eLog[f+gx?]) B
X

x2

Optimal (type 4, 560 leaves, 38 steps):
2ae\/EAr‘cTan[%} ) be\/EAr‘cTan[%} Log[1 - Cix]

+

i 0
x b ArcTan| Y| |og[- —2/Ff & _(1-cx)
be\/EAr*cTan[%] Log[1+i] e+/g Arc an[ﬁ} og| (V7 e (\/?—Ji@x)]
N _

F i

@ 2+ Ff g (1+cx)
b ArcT L
e Vg ArcTan| F] Og[(ﬁcﬁd@) (W—JNEX)] (a+bArcCoth[cx]) (d+eLog|[f+gx?])

- +
* :

2 1- 2 2
lbcLog[—g] (d+eLog[f+gx?]) —lbcLog[w} (d+eLog[f+gx?]) -
2 f 2 c2f+g

2 (f 2 2
lbcePolyLog[Z, @} +lbcePolyLog[2, 1. 8% | -
2 Cfig 2 f
i b Polylog|2, 1 29 ve Lo i b Polylog|2, 1 - 24/F g (1cx)
ibe+/g PolyLog| + e t] (Wﬂi@x)} ibe+/g PolyLog| e t] (Wﬂi@x)}
+
2VE 2F

Result (type 4, 1236 leaves):
ﬂ b d ArcCoth[c x]

X X

+bcdLog[x] -

Z\EAPcTan[m] L f 2
lbchog[l—czxz]Jrae E og[frex’]

+

2 NG X
lbe . (2ArcCothcx] +cx (-2Log[x] +Log[1-c?x?])) Log|f +gx?] “ac [Logx
2 X
Log[l— ! X] +L0g[1+ u] +PolyLog[2, - ! X] +PolyLog[2, j\/gx] +
i T i F
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1 c(\/?—j\/gx) 1 c(\/?—j\/gx)
c |Log[-~+x] Log]| | +Log|[ = +x]| Log| +
c cVF -ive c cVf +ivg
c [VFf +ig x
Log[—l+x} Log| ( ) - Log[-l+x]+Log[l+x]—Log[1—c2x2]
c cVFf +ivg C C
1 C\/E 4 x
Log [ + g x?] +Log[1+x} Log[1 - M} + PolyLog|2, —C)] +PolylLog|
c VT Vg VT Vg
. 1 ; -1 i 1
2, 1@< Jrcx)}+PolyLog[2,—]l\/E< +CX>]+PolyLog[2, M]
Foive VF+ive CVF ivE
26 _
! cg 2]'1Ar‘cCos[c f g}Ar‘cTan[ cf ]—4Ar‘cCoth[cx] Ar‘cTan[ c8X ]+

\Jc2fg c*frg \Jc2fg x c’fg
( i c 2-Fg) -1+cx)

Ar‘cCos[c 1c_g]JrZAr'cTan[L] Log|
fg \Jc2fg x 2-F+g ivc2fg +cgx

(C2f+ll ZFgJ (1+cx)

2

|+

—_

2f-g cf

ArcCos [ < ] - 2ArcTan [ 7] Log[

2
C'F+g ,CZ‘FgX 2.F+g ( l -f:ngch)

] ,

2 f_
Ar‘cCos[cz1c g] +2 Ar‘cTan[L} + ArcTan]| cgX ]
c“fre \Jc2fg x c2fg
\/— @ -ArcCoth[cx] c2f g
L ]_

Og
N 2f+g\/ c2F+g+ 21‘:+g>Cosh[ZAr‘cCoth[cx]}

2f_
ArcCos [ 21‘ g] -2 ArcTan[L} +Ar‘cTan[i]
cfrg \c2fg x cfg
\/—eAr'cCoth [cx] Z'Fg
L ]+

08
N 2f+g\/ 2F+g+ 2F+g)Cosh[2Ar‘cCoth[cx]}
[cszgfzj\/czfg) (\/czfg +icgx

(c2f+g) (\/CZ'Fg -—icgx

i |PolylLog [2,

} -
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(CZF—ngZj\/cZ-Fg] (\/czfg +1‘chx)

(c2f+g) («/czfg —chgx)

Polylog|2,

]

Problem 282: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr‘cCoth[cx]) (d+eLog[f+gx?]) ;
X

x3

Optimal (type 4, 712leaves, 32 steps):

Vg x
bce+/g ArcTan| FX} ) aeglogx] ) b e gArcCoth[c x] Log[lfcx}
N f r
begArcCoth[cx] Log| 2¢ [VF Ve x]
5 2 (cﬁ—\/g) (1+cC x)
b c?eArcTanh[cx] Log| | - -
1+cXx 2f
2¢ (VF g ¥
b ArcCoth L
1 ZC(\/—‘F —\/Ex) e gArcCothcx] Og[(cﬁﬂg) (1+cx)
~bc?eArcTanh[cx] Log| -
2 (C\/—f —\E) (1+cx) 2f

ZC(\/jJr\EX) ]_aegLog[F+gx2]_
(C\/j+\/§) (1+cx) 2f

bc (d+elog[f+gx?]) (a+bArcCoth{cx]) (d+elog[f+gx?])

- +

1
~bc?eArcTanh[cx] Log|
2

2X 2 x2
begPolylog|2, -+
Ebc2Ar‘cTanh[cx] (d+eLog|[f+gx?]) + { CX} _
2 2f
begPolyLog[2, + begPolylog|2, 1- —2
[ CX] —lbczePolyLog{z, 1- 2 ]_ [ 1+cx]
2f 2 1+cx 2f
Zc(ﬁf\ﬁx)
1 2¢ (ﬁi@x) begPOIyLOg[ZJ L (C\/j*\@) (1+cx)
~bc?ePolylog|2, 1- |+ +
4 (cV=F -Ve| (1+cx) 4f
2C(ﬁ+\/7X)
1 e[ | el
~bc?ePolylog|2, 1- ]+
* (cV=F +Ve | (1+cx) a4f

Result (type 4, 1193 leaves):

; -2adf-2bcdfx-2bdfArcCoth[cx] +2bc?dfx?ArcCoth[cx] +
4 f x
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4bce\/?\/EX2APCTan[\/EX]+4Ji.bCZE'FX2Ar‘CSin[ g ]Ar‘cTanh[L}Jr

VE g N -c2fg x
4ibegx?ArcSin| | zg }Ar‘cTanh[L]Jr
ccf+g /—cz'Fg N

4bc?efx?ArcCoth[cx] Log[1 - e 2Arccothicx]] . 4h e gx? ArcCoth[c x] Log[1 + e 2Arccothicx] ] _

2bc?efx?ArcCoth[cx] Log]| -2 ArcCoth[cx]

e
c2f+g

(cz (-1 e2hrecothlex) £ 4 g g2hrecothlexl g2 /-2 fg )} -2begx?ArcCoth[c x]

Log[;efZAr'cCoth[cx] [CZ (71+e2Ar‘cCoth > {:+g+e2ArcCoth[cx] g-2 '*CZ‘Fg )} 4

c2f+g

1
2ibc?efx?ArcSin| g ] Log| ©-2ArcCothlcx]
cf+g c2f+g

(cz (-1 + @2Arccothlex) £ gy g2hArcCothlcxl g o /-2 fg )} +2ibegx®ArcSin| | § ]

c2f+g

Log[;e—ZAr‘cCoth[cx] {CZ (_1 @2 ArcCoth[ > .F+g+62ArcCoth[cx] g-2 ’—CZ'Fg )} _

c2f+g

1
2bc?efx?ArcCoth[cx] Log[ ————e 2Arccothicx]
2f+g

(cz (-1 + @Arccothlexl) £ gy g2hArcCothlicxl gy /-2 fg )} -2begx?ArcCoth[cx]

Log[;e—ZAr‘cCoth[cx] {CZ (_1+(82Ar‘cCoth[cx]> .F+g+e2ArcCoth[cx] g+2 ,—CZ'Fg )} _

c2f+g

1
2ibc?efx?ArcSin| & | Log| e
2f+g 2f+g

(Cz (-1 + @2ATCCOthICXI ) £, g | g2ArcCothICX] g, ) ’fczfg)}—Zjbegszr‘cSin[ | 8 ]

-2 ArcCoth[c x]

c2f+g
Log[%e—ZAr‘cCoth[cx] [CZ (_1+62APcCoth ).F+g+e2Ar‘cCoth [cx] g+2 ;_Cz.,:g )} N
ccf+g
4aegx’log[x] -2aeflog[f+gx?| -2bcefxLlog|[f+gx?| -2aegx?Log|[f+gx?| -
2befArcCoth[cx] Log[f+gx2] +2bc2e-Fx2Ar‘cCoth[cx] Log[f + g x?] -

2begx?Polylog|2, -e2ArcCothlex]] _ o b c? e f x? Polylog|2, e 2Arccothiex] ]
e—ZAr‘cCoth[cx] (Cz'ngJrZ /7c2fg]
bc?efx?PolyLog|2, ]+
CZ'F+g
e—ZAr‘cCoth[cx] (c2f7g+ 2 '*szg )
begx?Polylog|2, ] +
c2f+g

e—ZAr‘cCoth[cx] [—c2f+g+2 /_CZ.Fg ]

c2f+g

bc?efx?Polylog|2, -

} +
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e—ZAr‘cCoth[cx] (—c2f+g+ 2 '—CZ'Fg )

c2f+g

begx?Polylog|2, -

]
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Summary of Integration Test Results

300 integration problems

A - 248 optimal antiderivatives

B - 19 more than twice size of optimal antiderivatives
C - 25 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - 1integration timeouts



